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Abstract. Global exponential stability for a class of cellular neural networks (CNNs)
with time-varying delay is considered. By using the method of Lyapunov Krasovskii
functional and linear matrix inequality (LMI) technique, some sufficient conditions
for global exponential stability of CNNs are obtained. The conditions presented here
are related to the size of delay. An example is given to illustrate the feasibility of our
results.
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1. Introduction

Cellular Neural Network (CNN) was introduced by Chua and Yang [1]. Applica-
tions of CNN in physical systems include connected component detection, hole filling,
optimization, associative memories, pattern recognition, and signal processing [2].
However, in order to deal with moving images, one must introduce the time delay
in signal transmission among the cells. This leads to the model of CNN with de-
lay (DCNN) [3]. Tt is well known that time delay may cause instability, divergent
oscillation in many systems. In recent years, the stability of DCNN has become an
important topic of theoretical studies. As a result, many sufficient conditions ensuring
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global asymptotic stability and global exponential stability for CNN with constant or
time-varying delays have been derived. Some of them can be found in, for example,
[4-10]. In this note, we study the exponential stability of DCNN. Some criteria on
exponential stability are presented by employing a more general type of Lyapunov-
Krasovskii functional and linear matrix inequality (LMI). These conditions in our
criteria are dependent on the size of delay. One example is presented to show the
applicability of our results.

2. Notations

For convenience of expressions, throughout this paper, we will use the following no-
tations:

BT:  transpose of matrix B;

B~!: inverse of matrix B;

Am(B):  minimal eigenvalue of matrix B;

Aum(B):  maximal eigenvalue of matrix B;

diag{b; > 0}:  diagonal matrix with the positive diagonal elements b;,i = 1,2, ---n;
B > 0 (resp. B < 0): B is a positive (resp., negative) definite and symmetric
matrix;

x¢: segment of z(s) on [t — 7(¢),t];

(A sup || z(s) [|.
t—7(t)<s<t

3. Preliminaries

Consider the following DCNN:
ai(t) = —ui(t) + Y aijg;(ui () + > bijg;(ui(t —7(6) + I,
j=1 j=1

or equivalently
a(t) = —u(t) + Ag(u(t)) + Bg(u(t = (1)) + 1, (1)

where w(t) = [us(6), ua(8), - un(®)T, ult — 7)) = [ur(t — 7(6), st — 7(1)), -
un (t—7(t))] T, n > 2 is the number of neurons in the network; g(u(t)) = [g1(u1(t)), -+,
gn(un(t))]T € R™ denotes the activation function of the neurons; A = [a;j]nxn and
B = [bijlnxn are known constant matrices, A is referred to as the feedback matrix,
B represents the delayed feedback matrix, I = (I, Iz, ,I,)T is an external bias
vector, 7(t) is nonnegative, bounded, and differentiable with 0 < 7(¢) < 73 and
7/(t) < d < 1 where
Ta = sup 7(t) and  d=sup7(t).
teR teR

Lemma 1. ([13], Theorem 2.3) Suppose that there exist non-negative constants p;
and q; such that | gj(z) |< pj | | +q; for allx € R* and j = 1,2,--- ,n. Let
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Rij = (| aij | + | bij )pj and K = (Rij)nxn- If p(K) < 1, then system (1) has at least
one equilibrium.

The following assumptions will be employed in our main results.

(Hy) There exists a non-negative constant [ such that

gi(r) — 9i(y)

r—=y

0< <lI, Vx #y.

(H2) p(K) <1, where p(K) denotes the spectral radius of matrix K = (k;;)nxn and
rij = U] aij [ + [ b |).

Lemma 2. Suppose that (Hy) and (Hs) are satisfied, then system (1) has at least
one equilibrium.
Proof. In view of (Hy), we have
0< 80 =80 oy 420
x
It follows that,

| gi(z) —gi(0) [< 1]z ].

Therefore,
lgi(x) | = [ (9:(2) = 9i(0)) + 9:(0) |
< giz) - ()|+|gz()|
< l|I|+|gz()|,
which, together with (Hz) and Lemma 1, implies that system (1) has at least one
equilibrium. O
Definition 1. An equilibrium u* = (u,u3,--- ,ul)T of (1) is said to be globally

exponentially stable, if there exist k > 0 and v(k) > 0 such that for any solution u(t)
of (1), we have,

[u() = u* |<y(k)e ™ sup  lu(s)—u" ||, t >0,
—7(0)<s<0

where k is convergence rate of exponential stability.

We point out that if a u* is global exponential stable, then it must be unique.

4. Global exponential stability analysis

In this section, we always assume that (H;) and (Hz) hold so that there is an equi-
libribirum u* = (u},u},--- ,u%)T for (1). In order to study the global exponential

N
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stability of this equilibrium, we let 2:(t) = u(t) — v*. Then model (1) is transformed
to the following:

@(t) = —x(t) + Af(x(t)) + Bf (x(t — 7())), (2)

where f;(z;) = gi(x; +uf) — g;(uf) with f;(0) =0 for i =1,2,--- ,n. Note that under
the assumption (H;) the functions f;(z;) satisfies the condition 0 < %fl) < [ for
x; #£0,1=1,2,--- n.

Theorem 1. The equilibrium u* is globally exponentially stable, if there exist positive
definite matrices P and @, a positive diagonal matriz D, and positive constants 8 and
k, such that the following conditions are satisfied:

2]67']\/[
0 (3, k) = P—2kP—2k3ID— 61 ~PBQ'BTP >0, (3)
2 QkTM
D (B,k) = MTD —B(DA+ATD) - ATPA - 2Q — 516 7 DBQ'BT™D >0.

(4)

Proof. To prove the theorem, it suffices to show that the trivial equilibrium =z = 0 of
system (2) is globally exponentially stable.
Set the following positive definite Lyapunov functional:

n zi(t)
V(z(t) = e*aT(t)Px(t) + Qﬁe%tZdi/ t fi(s)ds
i=1 70

b2 [T ()@ (al) ds
t—7(t)

where P = PT >0, Q=Q" >0, D = diag{d;}, d; > 0,i=1,2,---n, and 3 and k
are positive constants. Calculate the derivatives of V(z(t)) along the solutions of (2),
we have

. n Il(t)
V(x(t)) = 2ke®zT(t)Px(t) + 22T (t)Pi(t) + 4k Y " d; / fi(s)ds
i=1 0

+203e* T (a(4)) D (t) + 2™ £ T (2 () Qf (x(1))
—2e”H TN A — () f T (2t = 7(1)))QF (x(t — 7(8))).

Since

we have
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Thus, we can write

V(:C(t)) < e2kt{2kx (t)Pzx (t)+2:vT( )P
+2kBlz T () D (t) + 26f T (x(t
+Bf(x(t — (1)) + 2f " (x(t)Qf (x(t))

—2(1 = d)e O fT(@(t — () QS (x(t — 7(t)))}
e2kt{2kx (t)Px(t) — 2£CT( YPz(t) + 2xT(t)PAf(:v(t )
+22T(t)PBf(x(t — 7(t))) + 2kBlz T (t)Da(t) — 28f T (x
+2Bf T (x(t))DAf(2(t)) + 268f " (x(t)) DBf (x(t — 7(t)))
+2f T (@(1)Qf (w(t) — (1 — d)e™ ™ fT(2(t — 7(1))Qf (x(t — 7(t)))
—(1 = d)e™ M f T (@t — (1) Qf (x(t — (1))}

On the other hand, we have
20T () PAf(x(t)) = —[P'2x(t) - P1/2Af(fv( )] T [P 2a(t) — PP Af (2(1))]

+a () Pr(t) + f T (x() AT PAf(2(t)
< xT() w(t) + f 1 (x(t)ATPAf(x(t), (5)

z(t) + Af(2(t)) + Bf (x(t — 7(1))))

(=
ND(=2(t) + Af(2(t))

IN

() D(t)

= (I =d)e M (a(t - 7(1)))Qf (a(t — 7(1))) + 22T () PBf(a(t — (1))

= — —de” "™ x(t—r —#e”/’ -1/ x
= VI QU (alt = (1) — St QB Pa(1)]”

VT = de QY (alt — 7(1)) — ———= "™ QBT Pa()

Vv1—d
1

—l-ﬂe%TMxT(t)PBQ_lBTP:v(t)
1

1-d

IN

g T PBQ BT Pa(t), (6)

= (A= d)e Tt = T))QF ((t = 7(1)) + 261 T (@()) DBS (x(t = 7(¢))
— — de kM 1/2 ot — T o 6 ekmm —1/2 T
= ~[VI=de QU (alt (1) — =™ QT BT DS ()]

VT de ™ QU2 (a(t — 7(1))) — \/%e’”MQ‘WBTDf(:v(t))]
52

e 1 (@(t) DBQT BT D f (x(1))
62
T—d

IN

2 f T (x(t))DBQ™ BT D f(x(1)), (7)

28 (1)) Da(t) < 2 § T (w(1) DS (1)), 3)
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From the inequalities (5)-(8), it follows that

V(z(t) < —e*aT(t)(P —2kP —2kBID — ﬁe%WPBQ*BTp)x(t)

—e%th(:v(t))(%TD ~ B(DA+ATD) - ATPA -2Q
~ i pBQT BT D) f(a(t)
= =M T8, k)a(t) — T ((1)Q2(8, k) f(x(1)). (9)

Since Q3(5,k) > 0, (9) can be written as
V(x(t)) < V((0)).

Noting that

V(z(0)) = zT(0)Pxz(0)+ 252@-/ fi(s)ds
i=1 0
0
w2 [ (e)Qs () ds
—7(0)
0
< r(P) 6 +81dys | 9P +22u@E [ o] [ Has
—7(0)
21 _ 672]67'(0) )
= {Au(P) + Bldm + 22 (Q)! T} ol
where dj; = max(d;), and || ¢ ||=  sup || 2(s) ||, we also have
—7(0)<s<0
V(z(t) = A (P) [ 2(t) |,
which implies that
2kt 2 o1 —e 270 2
0 (P) || 2(8) 7€ Do (P) + Bldag + 200 QU= [ 0|2
Therefore, we obtain
At (P) + Bldas + 22 (Q)12 1= _
=) < \/ o (P) E— gl

This implies that the origin of (2) is exponentially stable with convergence rate k > 0,
the proof is complete. O

Theorem 2. The equilibrium u* is globally exponentially stable, if there exist a
positive definite matriz P, positive diagonal matrices D and Q, and positive constants
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B and k, such that the following conditions are satisfied:

2 2kTM
Qq(B, k) = P — 2kP — 20 — 2kBID — _C —PBQ'BTP >0, (10)
2122 2kt
Bk =22 _gpayatpy - aTpa- T ppo-1BTD > 0. (1)

l 1—-d

Proof. To obtain the result, it suffices to show that the origin is a equilibrium of
system (2) and it is globally exponentially stable.
Consider the following Lyapunov functional defined by

n z;(t) t
V(z(t)) = e T (t) P (t)+ 232+ Z di/o fi(s) ds—|—2/t e 2T (s)Qx(s)ds

i=1 —7(?)

where P = PT > 0, D = diag{d;}, d; > 0,5 = 1,2,---n, Q is a positive diagonal
matrix, and @ and k are positive constants. Calculate the time derivative of the
functional along the trajectories of system (2), we obtain

n ;i (t)
V(z(t) = 2ke®*zT(t)Px(t) + 22 2T (t) Pi(t) 4 4kBe*M Z d; / t fi(s)ds
i=1 70

+208e*M f T (a(t)) Di(t) + 2¢* 2 T (1) Qx (1)
—2e*M TN — #())a T (¢ — () Qu(t — 7 (1))

From 0 < % <lforx; #0and i =1,2,---n, it follows that

V(zt) < e {2kaT(t)Px(t) — 22T (t)Px(t) + 20T () PAS(x(t))
+22T()PBf(x(t — 7(t))) + 2kBlz T (t)Dx(t) — 28f T (x(t))Dx(t)
+20f T ((6))DAS (x(t)) + 28 T (x(t)) DBf (x(t — 7(t)))

$20 T (0Qu(r) — 1o e T alt — (1)QF (lt — 7(1)

e T () QS (el — (1)),

On the other hand, we have

N 11;2d€‘2’Wf Tt —r(0)))QS (@t — (1) + 22T (O PBf(a(t — (1))
= (X 11‘ de_kTMQ1/2f(x(t —7(t)) — ﬁek”‘”@_lmBTPx(t)]T
Sk QU alt = (1) — —= e Q2B T Pa(t)]
I? 2k -1
¢ b T(t)PBQ ' BT Pa(t)
< s kv T () PBQ BT Pa(t), (12)

1—-d
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= e T~ ()@ ((t — 7(1))) + 28F T(@() DB (alt — (1))

12
= - l e R QM2 f(a(t — 7(1))) Ji-d
[Qe‘kal/zf(x(t —=7(t))) - \/%ekTMQ_lﬂBTDf(I(U)]

1262
e (@) DBQ T BT D (a(t)

< e T e(0)DBQ BT DS (a(1). (13)

Base on the inequalities (5), (8), (12) and (13), we obtain that

r Q2B Df (x(1))] T

V(z@t) < —e*t'zT(t)(P —2kP —2Q — 2k3ID — %e%TMPBQ_lBTP)x(t)

25 (w(1))(5F ~ p(DA + ATD)

1262
~ATPA - =™ DBQT' BT D) f(a(t))

—e2kt e T ()Q3(8, k)x(t) — e f T(x(t)Qu (B, k) f(x(t))
_62kth(t)QB(57 k)x(t).

IN

The remaining part of the proof is similar to that of Theorem 1.
It is easy to show that

Jafe) < |2 PI P D@
which means that the origin of system (2) is exponentially stable. U

If we take 8 = 1 in Theorem 1, then the conditions (3) and (4) become into the
following (14) and (15) respectively:

2]67']\/[

O (1,k) = P — 2kP — 2kID — 61 ~PBQT'BP >0, (14)

Qo(1,k) = ? —(DA+ATD)— ATPA-2Q - i%_”; DBQ'BTD>0. (15)
We now rewrite (14) into
(1, k)=P— % — 2kP — 2kID — ewrw_ifd_lpBQleTP >0. (16)
Since k > 0, it is obvious that (16) implies
p_PBQIBIP 0, (17)

1—-d
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which means that (14) implies (17). Similarly, from (15), it can be observed that
02(1, k) > 0 implies the condition:

? —(DA+ATD) - ATPA-2Q — ﬁDBQ_lBTD > 0. (18)

On the other hand, note that £ > 0 and

, PBQ'BTP
i, (k) = P - ——7—
and
Jim, Qo(1,k) = ? ~(DA+ATD) - ATPA - 2Q — ﬁDBQ‘lBTD,

it is easy to see that when (17) holds, (14) also holds for 0 < k < 1 (i.e. & > 0 is
sufficiently small), and that when (18) holds, (15) also holds for 0 < k < 1.
Summarizing the above, in view of Theorem 1, we have the following.

Theorem 3. The equilibrium u* is globally exponentially stable, if there exist positive
definite matrices P and Q, a positive diagonal matriz D, such that the following

conditions are satisfied:
Ay Ogp
( O2n, A ) >0,

—PB —DB
Al _ < ,‘éPTp 1-d ) , AQ _ < 7%[) V1—d ) ,
= =

and M =22 — DA — ATD — ATPA - 2Q.

where

When take § = 1 in Theorem 2, the conditions (10) and (11) become into the
following (19) and (20) respectively:

1262]67']\/[
Q3(1,k) = P —2kP — 2Q — 2kID — y PBQ'BTP >0, (19)
2D l262kTM
Q(1,k) = - - (DA+A'D) - ATPA - — y DBQ'BTD >o. (20)

By an argument similar to above, in view of Theorem 2, we can obtain the fol-
lowing.

Theorem 4. The equilibrium u* is globally exponentially stable, if there exist a
positive definite matriz P, positive diagonal matrices D and Q, such that the following

conditions are satisfied:
By 02,
( O2n  Bo ) >0,
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where

P— 2Q —IPB N —IDB
o < —IBTP 5] By=1| _izmp ),
Q Q

1-d 1-d

and N =22 — DA — ATD — ATPA.

Remark 1. Theorem 5 and Theorem 6 in [12] are the special case where [ = 1 and
7(t) = 7( non-negative constant) of our Theorem 3 and Theorem 4 respectively.

5. Example

Consider a two-neuron DCNN:

{ 1(t) = —w1(t) = glor(21(8) + g2(@2(t)) — ga(w1(t — 7(t))) + g2(z2(t — 7(1)))] + 11,
Zo(t) = —22(t) — glg1(21 () — g2(22(t)) — g1 (21 (t = 7(2))) — ga(22(t — 7(1)))] +(~;21=)
where I; and I are constants, 7(t) = , and the activation function is described
by a PWL function g;(z) =0.5(|z+ 1| — |2 —1])(t =1,2).

For such a system, we have

sin?(t)

1 _1 1
=05 d==, A=B=( § 3 ).
2 -5 s

Clearly, g;(x) satisfy the condition (H;) with [=1. By some simple calculations,

we obtain
K_< ), p(K)=05<1,

which means (Hs) holds. In Theorem 1, take 8 =1, P = D = 3 and Q = I, where
I denotes the 2 x 2 identity matrix, we have

30 (6 0\ (6k 0 (2 o
0 3 0 6k 0 6k 0 o

9e”
_ <3—12k—1—6 0 9k>7
0 3— 12k — %

6 0 -2 0 20 2 0 2
Lk =g 6 )" -2 )7\ o0 &) \o2) | o o
16

NN
s s =

04 (1, k)

o

[ V)

It is clear that sufficiently small k£ can ensure that ;(1,%k) > 0 and Q2(1,%k) > 0.
Therefore, it follows from Theorem 1 that system (21) possesses exactly one equilib-
rium, and it is globally exponentially stable. O
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