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Existence of Unbounded Solutions in Rational Equations
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Abstract. We exhibit a range of parameters and a set of initial conditions where
the rational difference equation

xn+1 =

α +

2k∑

i=0

βixn−i

A +

k∑

j=0

B2jxn−2j

has unbounded solutions.
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1. Introduction

The existence of unbounded solutions in rational difference equations has recently
been investigated in a series of papers. See [1]-[18].

We establish the existence of unbounded solutions in the rational difference equa-
tion
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xn+1 =

α +

2k∑

i=0

βixn−i

A +

k∑

j=0

B2jxn−2j

, n = 0, 1, . . . (1.1)

where k is a positive integer, and where the parameters and initial conditions are
non-negative real numbers chosen such that the the denominator is always positive.
More precisely we exhibit a range of parameters and a set of initial conditions where
Eq.(1.1) has unbounded solutions.

This result extends the known results of the special case #195 (see [11])

xn+1 =
α + βxn + γxn−1 + δxn−2

A + xn

, n = 0, 1, . . . .

This result also includes the fourth order rational difference equation

xn+1 =
α + βxn + γxn−1 + δxn−2 + εxn−3

A + Bxn + Dxn−2
, n = 0, 1, . . .

and shows that the 21 special cases #286, #344-351, #412-415, and #472-479 of
Eq.(1.1) have unbounded solutions.

For the notation of the special cases, see [10] and [17].

2. Existence of Unbounded Solutions

In this section, we establish the existence of unbounded solutions of Eq.(1.1).

Theorem 2.1. Assume that B0 > 0. Set

U =
β0 + β2 + · · · + β2k

B0

and assume that
β1 > A + U(B0 + B2 + · · · + B2k).

Then Eq.(1.1) has unbounded solutions.

Proof. Let ε > 0 be chosen such that

β1 > A + (U + ε)(B0 + B2 + · · · + B2k) (2.1)

and let {xn}
∞

n=−2k be a solution of Eq.(1.1) such that

0 < x0, x−2, . . . , x−2k+2, x−2k < U + ε (2.2)
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and

x−1 > x−3 > · · · > x−2k+1 >
α + β1x0 + β3x−2 + · · · + β2k−3x−2k+4 + β2k−1x−2k+2

εB0
.

(2.3)

We claim that for all n ≥ 0, we have

x2n+1 >
α + β0xn + β2xn−2 + · · · + β2k−2xn−(2k−2) + β2kxn−2k

A + B0xn + B2xn−2 + · · · + B2k−2xn−(2k−2) + B2kxn−2k

(2.4)

and
0 < x2n+2 < U + ε. (2.5)

Note that

x1 =
α + β0x0 + β1x−1 + β2x−2 + · · · + β2k−1x−2k+1 + β2kx−2k

A + B0x0 + B2x−2 + · · · + B2k−2x−2k+2 + B2kx−2k

≥
α + β0x0 + β2x−2 + · · · + β2k−2x−2k+2 + β2kx−2k

A + B0x0 + B2x−2 + · · · + B2k−2x−2k+2 + B2kx−2k

+
β1x1

A + B0x0 + B2x−2 + · · · + B2k−2x−2k+2 + B2kx−2k

.

Now

β1

A + B0x0 + B2x−2 + · · · + B2k−2x−2k+2 + B2kx−2k

> 1

if and only if

β1 > A + B0x0 + B2x−2 + · · · + B2k−2x−2k+2 + B2kx−2k.

We know by (2.1) that

β1 > A + (U + ε)(B0 + B2 + · · · + B2k)

= A + B0(U + ε) + B2(U + ε) + · · · + B2k(U + ε)

> A + B0x0 + B2x−2 + · · · + B2kx−2k.

It follows that

x1 >
α + β0x0 + β2x−2 + · · · + β−2k+2 + β2kx−2k

A + B0x0 + B2x−2 + · · · + B2k−2x−2k+2 + B2kx−2k

+ x−1.

Now x2 > 0 since β1 > 0.
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Also,

x2 =
α + β0x1 + β1x0 + β2x−1 + · · · + β2k−1x−2k+2 + β2kx−2k+1

A + B0x1 + B2x−1 + · · · + B2k−2x−2k+3 + B2kx−2k+1

≤
β0x1

B0x1
+

(β2 + β4 + · · · + β2k)x1

B0x1

+
α + β1x0 + β3x−2 + · · · + β2k−1x−2k+2

A + B0x1 + B2x−1 + B4x−3 + · · · + B2kx−2k+1
.

Now

α + β1x0 + β3x−2 + · · · + β2k−1x−2k+2

A + B0x1 + B2x−1 + B4x−3 + · · · + B2kx−2k+1

≤
α + β1x0 + β3x−2 + · · · + β2k−1x−2k+2

B0x1 + B2x−1 + B4x−3 + · · · + B2kx−2k+1

≤
α + β1x0 + β3x−2 + · · · + β2k−1x−2k+2

(B0 + B2 + B4 + · · · + B2k)x−2k+1
.

Recall that

α + β1x0 + β3x−2 + · · · + β2k−1x−2k+2

B0 + B2 + B4 + · · · + B2k

·
1

x−2k+1

<
α + β1x0 + β3x−2 + · · · + β2k−1x−2k+2

B0 + B2 + B4 + · · · + B2k

×
εB0

α + β1x0 + β3x−2 + · · · + β2k−1x−2k+1

=
εB0

B0 + B2 + B4 + · · ·B2k

≤ ε.

Thus

x2 <
β0

B0
+

β2 + β4 + · · · + β2k

B0
+ ε = U + ε.

The proof of the claim follows by induction.

In particular, {x2n+1}
∞

n=−k is a strictly monotonically increasing sequence of pos-
itive real numbers.
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We claim that
lim

n→∞

x2n+1 = ∞.

For the sake of contradiction, suppose that there exists a positive real number S > 0
such that

lim
n→∞

x2n+1 = S.

Similarly to the method of Full Limiting Sequences (see [15] and [16]). there exist non-
negative real numbers L1, L0, L−1, . . . , L−2k+1, L−2k and a sub-sequence {xni

}∞i=0 of
{xn}

∞

n=−k such that the following statements are true:

1. L−2j+1 = lim
i→∞

xni−(2j−1) = S for all 0 ≤ j ≤ k.

2. L−2j = lim
i→∞

xni−2j ≤ U + ε for all 0 ≤ j ≤ k.

Hence

S = L1 = lim
i→∞

xni+1

= lim
i→∞

α + β0xni
+ β1xni−1 + β2xni−2 + · · · + β2kxni−2k

A + B0xni
+ B2xni−2 + · · · + B2kxni−2k

≥ lim
i→∞

β1xni−1

A + B0xni
+ B2xni−2 + · · · + B2kxni−2k

=
β1L−1

A + B0L0 + B2L−2 + · · · + B2kL−2k

=
β1S

A + B0L0 + B2L−2 + · · · + B2kL−2k

.

So as S > 0 and β1S > 0, it follows that

A + B0L0 + B2L−2 + · · · + B−2kL−2k > 0.

Thus

S = L1 =
α + β0L0 + β1L−1 + β2L−2 + · · · + β2kL−2k

A + B0L0 + B2L−2 + · · · + B2kL−2k

and so

S(A + B0L0 + B2L−2 + · · · + B2kL−2k)

= α + β0L0 + β1L−1 + β−2L−2 + · · · + β2kL−2k

= α + (β0L0 + β2L−2 + · · · + β2kL−2k) + S(β1 + β3 + · · · + β2k−1).
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It follows that

S[A + (B0 + B2 + · · · + B2k)(U + ε)] ≥ S[A + B0L0 + B2L−2 + · · · + B2kL−2k]

= α + (β0L0 + β2L−2 + · · · + β2kL−2k) + S(β1 + β3 + · · · + β2k−1)

= α + (β0L0 + β2L−2 + · · · + β2kL−2k) + Sβ1 + S(β3 + · · · + β2k−1)

> α + (β0L0 + β2L−2 + · · · + β2kL−2k)

+S[A + (U + ε)(B0 + B2 + · · · + B2k)] + S(β3 + · · · + β2k−1)

≥ S[A + (B0 + B2 + · · · + B2k)(U + ε)],

which is a contradiction, and the proof is complete. 2
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