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Existence of Unbounded Solutions in Rational Equations
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Abstract. We exhibit a range of parameters and a set of initial conditions where
the rational difference equation
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has unbounded solutions.
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1. Introduction

The existence of unbounded solutions in rational difference equations has recently
been investigated in a series of papers. See [1]-[18].

We establish the existence of unbounded solutions in the rational difference equa-
tion
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2k
a+ Zﬁﬂn—i
Tpg1 = =0 ., n=0,1,... (1.1)

A+ ZB2jxn—2j

=0

where k is a positive integer, and where the parameters and initial conditions are
non-negative real numbers chosen such that the the denominator is always positive.
More precisely we exhibit a range of parameters and a set of initial conditions where
Eq.(1.1) has unbounded solutions.

This result extends the known results of the special case #195 (see [11])

o+ ﬁxn + VYTn—1 + 65511—2
A+ z,

Tnt1 = , n=0,1,....

This result also includes the fourth order rational difference equation

a+ Br, +YTp_1+ 0Tp_o + Exp_3
A+ Bx,, + Dxy_o

Tnt1 = , n=20,1,...

and shows that the 21 special cases #286, #344-351, #412-415, and #472-479 of
Eq.(1.1) have unbounded solutions.
For the notation of the special cases, see [10] and [17].

2. Existence of Unbounded Solutions
In this section, we establish the existence of unbounded solutions of Eq.(1.1).

Theorem 2.1. Assume that By > 0. Set

_BotPat---+ B

U
By

and assume that
B >A+U(By+ By + -+ Bag).

Then Eq.(1.1) has unbounded solutions.
Proof. Let € > 0 be chosen such that

61>A+(U+E)(Bo+Bz+'“+sz) (2.1)
and let {z,}° ,, be a solution of Eq.(1.1) such that

0 <x9,T_2,...,C_ 242, T2k < U +¢ (2.2)
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and

a+ Bi1xo + B3r_o + -+ Bop—_3T _ok44 + Bok—1T_2k 42

T_1>X_3> " >T_2ky1 >

EBO
(2.3)
We claim that for all n > 0, we have
a+ Boxn + B2Tn—2 + - + Pok—2%n_(2k—2) + P2kTn—2k
Ton41 > (24)
A+ Boxy + Boxp—2 + - + Bog—2%y_(2k—2) + BokTn—2k
and
0< Tonto < U+e. (25)
Note that
A a+ Boxo + Prx—1 + fox—2 + - - + Bog—1T—2k+1 + BorT—2k
A+ Bozo + Bax—o + -+ - + Bog—2%_op+2 + Bagr_ok
a+ Boxo + Pex_g + -+ Bogp—2T o2 + PorT a2k
- A+ Boxzo + Bax 9 + -+ + Bogp 2T oy + BopT _op
n B
A+ Bozg+ Box_g+ -+ + Bop_o%_opyo + Bopx_op
Now

B
A+ Bozo + Bax—o + -+ - + Bop—22_op+2 + Barx_op

if and only if
B1 > A+ Boxo + Box_o + -+ Bop_27_sp12 + Bopr_op.
We know by (2.1) that
B > A+ (U+e)(Bo+By+---+ Bo)
= A+ Bo(U+¢e)+B(U+¢€)+---+ Boy(U +¢)
> A+ Boxg+ Bosx_o+ -+ Bopx_op.

It follows that

o> a+ Boxg + Pox_2 + -+ B_okyo + PBorT 2k
1
A+ Boxg + Bax_o + -+ + Bop 27 _apy2 + BopT_o

+x_q.

Now z2 > 0 since 5, > 0.
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Also,
A a+ Boxy + Prxo + Pov—1 + - - + Pon—1T—2k+2 + SorT—2k+41
A+ Boz1 + Box—1 + -+ - + Bog—2%_op43 + BorT_ok+1
< Box1 n (B2 + Ba+ -+ Par)r
- Boxl Boxl
n a+ Bixo + B2 + -+ PBok—1T_2k42
A+ Boxy + Byx_1 + Byw_g 4 - - + BopT_gpi1

Now

a+ Bz + B3r-2 + -+ Pok—1T_2k42
A+ Bozy + Box 1 + Byx 3+ -+ + BopT_2p 11

a+ Bi1xo+ B3r_2 + -+ Bop—1T_2k42
Box1 + Bex 1+ Bax 3+ + BopT 211

o+ Bixg + B3r—2 4+ - + Por—1T_2k42
(Bo+ By + By+ -+ Bog)T_ok+1

Recall that

o+ firo+ Psx o+ 4 Pop—1@ ok 1
Byo+ By + By + -+ + By, T_2k+1

<@ + Bixo + B3r_2 + - + Por—1T—2k42
Bo+ Bas+ By+ -+ By

% EBO
o+ Bixo + B3r—2 + -+ Por—1T—2k+1
- EBO
" Bo+Ba+ Byt By,
<e.
Thus
zy < Bo BatPat-tBor . _ .
By By

The proof of the claim follows by induction.

In particular, {xo,41}5° ;. is a strictly monotonically increasing sequence of pos-
itive real numbers.
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We claim that

lim xg,41 = 00.
n—oo

For the sake of contradiction, suppose that there exists a positive real number S > 0

such that
lim Ton+1 = S.
n—oo

Similarly to the method of Full Limiting Sequences (see [15] and [16]). there exist non-
negative real numbers Ly, Lo, L_1,. .., L_ogxt+1, L_o and a sub-sequence {z,, }32, of
{2, }5° _, such that the following statements are true:

1. Lgji1 = lim @y, _(25-1) = S for all 0<j<k.
2. L,Qj = hm Tn;—25 S U+e for all 0 S] S k.
Hence
S = L1 = hm Tn;+1
—  lim & + Bo%n, + B1%n, 1 + Bo¥n, 2+ + BorTn, 2k
i—00 A+ Boxn, + BaTn,—2 + - + BopZn, ok
i—oo A+ BoTy, + BaXyn, 2+ + Boppn, o
_ B1L_1
A+ BoLg+ BoL_9+ -+ + BopL_o

(1S
A+ BoLo+ BaL_o+ -+ BopL_of’

So as S > 0 and (1S > 0, it follows that

A+ BoLg+ BaL_o+ -+ B_opL_o > 0.

Thus

a+ BoLlo+ BiL_1+ foL_o+ -+ BorL_ox

S = L[| =
! A+ BoLo+ BoL_2+ - + BoxL_ok

and so

S(A+ BoLo+ BaL g+ -+ + BogL_2y)
= a+BoLo+ L1+ B oL o+ -+ BaxLl_ 2

= a+ (BoLo+ BoL_o+ -+ PoxL_ok) + S(B1+ Bz + - - + Bar—1).
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It follows that

S[A+ (Bo+ By + -+ Boy)(U +¢)] > S[A+ BoLo+ BaL_a+ -+ Bag L]
=a+ (BoLo+ foL—2+ -+ ParL—ok) + S(Br + B3 + -+ + Bax—1)
=a+ (BoLo+ fBaLl—o+ -+ ParL2r) +SB1 + S(Bs + - + Bar—1)
>a+ (BoLo + f2Ll—g+ -+ + ParL—2k)
+S[A+ (U +¢e)(Bo+ Bz + -+ + Ba)] + S(Bs + -+ - + fog—1)

ZS[A+(B0+BQ+"'+B2k)(U+E)],

which is a contradiction, and the proof is complete. d
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