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ABSTRACT. In this manuscript the system of nonlinear delay differential equa-
n no

tions &i(t) = 21 42 aije(Bhij (2 (t — 7350 (1))) — Bi(t) fi(wi(8)) + pi(t), t > 0,
j=10=1

1 <i < n is considered. Sufficient conditions are established for the uniform
permanence of the positive solutions of the system. In several particular cases,
explicit formulas are given for the estimates of the upper and lower limit of
the solutions. In a special case, the asymptotic equivalence of the solutions is
investigated.

1. Introduction. Nonlinear differential equations with delays frequently appear
as model equations in physics, engineering, economics and biology. Next we recall
some typical applications.

Compartmental systems are used to model many processes in pharmacokinetics,
metabolism, epidemiology and ecology (see [19, 20, 24]). The nonlinear donor-
controlled compartmental system

n
Gi(t) = —kii fi(qi (1)) + > ki fi(a5(t = 73)) + I i=1...,n

=t
was studied in [8, 9]. Here ¢;(t) is the mass of the ith compartment at time ¢,
ki; > O represent the transfer or rate coeflicients, I; > 0 is the inflow to the ith
compartment, and in this model it is assumed that the intercompartmental flows
are functions of the state of the donor compartments only in the form &;; f;(¢;) with
some positive nonlinear function f;.

The classical Hopfield neural networks [23] have been successfully used in many
different fields of engineering applications, e.g., in signal processing, image process-
ing, pattern recognition. In hardware implementations time delays appear naturally
due to finite switching speed of the amplifiers, see, e.g., [3, 13, 17]. We recall the
System

1 n
Citii(t) = —gui(t) + D Tgi(ui(t— 7))+ L, i=1,...,n,
7 ‘7:1
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which was studied in [17]. Here C; > 0, R; > 0 and I; are capacity, resistance,
bias, respectively, T;; is the interconnection weight, and g; is a strictly monotone
increasing nonlinear function with g;(0) = 0. In [11] the existence, uniqueness and
global stability of asymptotically periodic solutions of the bidirectional associative
memory (BAM) network

k
—ai(O)i(t) + 3 (0 f(t — ) + (D), i=1,..m,

i) = A
git) = b0y (6) + > () filzi(t — o)) + Ji(t), j=1,....k
=1

was examined.
In [12] the delay model

R(t) = f(T(t—m))—dR()
L(t) = TlR(t — 7'1) — dgL(t)
T(t) = 7“2L<t — T3> — dgT(t)

was considered for the control of the secretion of the hormone testosterone. Here
R(t), L(t) and T'(t) are the concentrations of the gonadotropinreleasing hormone,
luteinizing hormone and testosterone, respectively, r1, 72, d1, ds, d3 are positive con-
stants. Global stability of a positive equilibrium and oscillations of the solutions
were investigated depending on the values of a parameter in the formula of the
positive nonlinear function f.

In [5] the two-dimensional system

K-
—~~
~
~—
I

n() At -n@®) -], =0 (1)
n®)[L@t-n®) -y0], =0 (2)

Nalt

—~
~~

N

was considered as a special case of a more general two-dimensional system of non-
linear delay equations with distributed delays. Sufficient conditions were given
implying that the solutions of the System (1)-(2) are permanent, i.e., there exist
positive constants a, A, b and B such that a < z(¢t) < A and b < y(¢) < B hold for
t>0.

Populations are frequently modeled in heterogeneous environments due to, e.g.,
different food-rich patches, different stages of a species according to age or size.
In such models time delays appear naturally due to the time needed for species to
disperse from one patch to another. We recall here the n-dimensional Nicholson’s
blowflies systems with patch structure

no n

331(75) = Zﬁmxi(t — Tig)e_xi(t_"—“) + Zaijxj (t) — diwi(t), 1<1<n, (3)
=1 j=1

J#i

where d; > 0, ;¢ > 0,a;; > 0,750 > 0for 1 <i# j<n,{=1,...,n9. Asymptotic

behavior, permanence of the solutions was investigated, e.g., in, [4, 7, 16, 26]. For

the scalar case, this model reduces to the famous Nicholson’s blowflies equation

introduced in [18] to model the Australian sheep-blowfly population.
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The n-dimensional population model with patch structure

no

Ei(t) = > die(aili ~ W(t)i)) + z_; aij(t)z;(t — o5 (t))

—_ 1+ ")/ig(t)xi(t — TM(

i
— i ()i (1) — ki (£)x2 (1), t>0, 1<i<n 4)

K3
was introduced in [15], and the permanence of the positive solutions was investi-
gated. Here all functions are nonnegative. It is a generalization of a scalar modified
logistic equation with several delays introduced in [2].
Motivated by the above models, in this paper we consider a system of nonlinear
delay differential equations of the form

Bi(t) = 303 e Oy (2t — T3elt)) — BOSi(0) + D), £20,1< i<,

=1 =1

(5)
where, f;, hij, aije, Bi, pi and 75, are nonnegative continuous functions. We asso-
ciate the initial condition

zi(t) = @i(t), —7<t<0, 1<i<n (6)

to our system, where 7 > 0 and 0 < 7;;,(¢) < 7 hold for ¢t > 0,1 < ¢,j < n and
1 < ¢ < ng. We study positive solutions of the System (5), so we assume that
p; € Cp:={¢Y € C([-7,0,Ry) : 9(0) >0}, 1 <i<mn, where R} :=[0,00). Our
main result, Theorem 2.4 below shows that, under certain conditions, the solutions
of the initial value problem (IVP) (5) and (6) is uniformly permanent, i.e., there
exist positive constants ki,...,k,, K1,..., K,, such that for any initial functions
w; € Cy,i=1,...,n the corresponding solution satisfies

0 < k; <liminfz;(t) < limsupz;(t) < K, 1<i<n.
t—o0 t—00

Moreover, the constants ki, ...,k, and Ki,..., K, are given explicitly, as unique
positive solutions of an associated nonlinear algebraic systems. As a consequence of
the main result, we formulate conditions which imply that all the positive solutions
converge to a constant limit (see Corollary 3.1 below). In Theorem 3.5, for nonlinear
systems of the form

n  no
) = 30 aget)ay (t = 1ige(t) = BOTE O + i), 20, 1<i<n,
j=11¢=1
we give sufficient conditions which imply that the positive solutions are asymptot-
ically equivalent, i.e., the difference of any two positive solutions tends to 0 as the
time goes to oo.

Permanence of solutions of a differential equation model is especially important
in mathematical biology and ecology [7, 16, 25]. Permanence of solutions of scalar
delay population models was recently studied in [1, 2, 6, 14, 16]. In [21] we consid-
ered a scalar delay population model

i(t) = r(®)(g(t.20) ~h@(®), 20,

where r,h € C(R4,Ry), g € C(Ry x C([—7,0],R),R;), 7 > 0 is fixed, and x4(s) =
x(t + s) for s € [—7,0]. This manuscript extends the method introduced for the
scalar case in [21] to the nonlinear delay system (5). A key element of the proof of
our Theorem 2.4 is a result proved in [22], where sufficient conditions are formulated
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implying that a certain nonlinear algebraic system associated to (5) has a unique
positive solution (see Lemma 2.3 and Theorem 4.2 below).

The structure of our paper is the following. In Section 2 we formulate our main
results: Theorem 2.4 below gives estimates for the limit inferior and limit superior
of the positive solutions of System (5). In Section 3 we show several corollaries of
our main results and numerical examples. In Section 4 we give the proofs of our
main results, and in Section 5 we summarize our conclusions and formulate some
open questions.

2. Main results. We start this section by listing all conditions on the parameters
of the IVP (5) and (6) will be used in the rest of the manuscript. 7 > 0 is a fixed
constant, and all delay functions are assumed to be uniformly bounded by 7.

(Ao) Tije € C(R4,Ry) are such that 0 < 7;50(¢) < 7fort > 0,1 <4,j <n and
1 <4 < ng;
(A1) Bi € C(Ry,R;) are such that 5;(t) >0 for ¢ > 0,1 < i <mn, and

(oo}
/ Bi(s)ds = oo, 1< <m
0

(A2) a0 € C(Ry,Ry), foralll <i,j<nand1l</{<ngare such that

Z aije(t)
sup

t>0 ﬁz( )

(A3) fi € C(R4,Ry), 1 < i< n, are strictly increasing with f;(0) = 0 and f; are
locally Lipschitz continuous;

(A4) hi; € C(R4,Ry) are increasing, locally Lipschitz continuous, and h;j(u) > 0
foru>0and 1<4,5 <n;

(As) p; € C(R4,Ry) and foreach i =1,...,n

< 00, 1<4,5<m (7)

% @iio(t)

pi(t) fi(u)

either liminf >0 or limsu < hm inf =L , 8
Ty P ) B g ©
pi(t) . o
i1>1](;)) 5 < 00, uli}ngo fi(u) = o0, (9)
and

n Q5 t

Z(hmsup Z " )) lim sup i (1) <1 (10)
t—o00 ﬁz() U—00 fz( ) ’

j=1

% is decreasing on (0, 00), for each 1 <4, j <

(Ag) (i) f;((u)) is increasing and

h
n;
(if) fo

reach 1 < i < n, either & i((" )) is strictly increasing on the interval (0, o)

or (hm inf 21 (3 > 0 and h;;(u) is strictly increasing on (0, oo));

E @ije(t)
(iii) either hm 1nfﬁ7(f) =0 for all 4,5 € {1,...,n} satisfying i # j; or

— 00

no
Z @ije(t)
there exist 7,7 € {1,...,n}, i # j such that liminf = > 0 and

t—00 ﬁ (t)
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. fi(u) - . . . nzo @je(t)
either h;j(u) is strictly increasing on (0, c0) or (htrgégf W
hjj(w)

Tkt 1s strictly decreasing on (0, oo)) or (ligglf Zj 8 > 0 and h;;(u) is

> 0 and

strictly increasing on (0, oo))];

(iv) for each 1 < i < n, either }ff,((ug) is strictly increasing on the interval

(0,00) or (lim sup gf Eg > 0 and h;;(u) is strictly increasing on (0, oo));
t—o00 ‘

ng
> aije(t)
(v) either lim sup % =0 for all 4,5 € {1,...,n} satisfying ¢ # j; or

t—o0

no
> ayje(t)

there exist i,7 € {1,...,n}, ¢ # j such that limsup% > 0 and
t—o0 N
. fi(u) . . . . . gzjl ajje(t)
either hi(ay 18 strictly increasing on (0,00) or (hﬁﬁpw > 0

and “Ez) is strictly decreasing on (O,oo)) or (hmsup Z’: Eg > 0 and
t—oo Y

hi;(u) is strictly increasing on (0, oo))}

Clearly, under conditions (Ag)-(As), the IVP (5) and (6) has a unique solution
corresponding to any ¢ = (¢1,...,¢,) € CY}. This solution is denoted by z(yp) =
(x1(p), ..., zn(p)). Note that in [21] a scalar version of (5) was studied where,
instead of the local Lipschitz-continuity, it was assumed that f; are such that for
any nonnegative constants o and L satisfying L # o, one has

/ o fz ) = +o00. (11)

Hence the solution studied in [21] was not necessary unique. It is easy to see that
the locally Lipschitz-continuity of f; implies condition (11). We assume the locally
Lipschitz-continuity of f; and h;; to simplify the presentation, but it can be omitted
as in [21].

We note that assumption (Ajz) is weaker than that used in the [2, 14], where,
investigating permanence of a scalar population model, it was assumed that the
coefficient function §; is bounded below and above by positive constants

The monotonicity assumptions of (Ag) for the ratios hf ((“ 7 an d ) are crucial

for using Lemma 2.3 below. This assumption allows us to 1nc1ude examples when
some ratios are constants, and only some of these functions are strictly monotone.
This week form of the condition will be important when we apply our main results
to the population models (3) and (4) (see Corollary 3.7 and 3.8 below).

The next lemma shows that all solutions of System (5) corresponding to any
initial function ¢ = (1, @2,...,9n) € CT are positive on R.

Lemma 2.1. Assume that 7, satisfies condition (Ay), B; satisfies condition (Ay),
fi satisfies condition (As) and ayje, hij,pi € C(Ry,Ry) for 1 < 4,5 < n and
1 <0 < ng. Then for any initial function ¢ = (¢1,p2,...,¢n) € CT, the solution
z()(t) = (x1(p)(t), ..., xn(p)(t)) of the IVP (5) and (6) obeys x;(v)(t) > 0 for
t>0andl1<i<n.
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The following result implies that, under our conditions, the System (5) is persis-
tent.

Lemma 2.2. Assume that conditions (Ag)—(Ajs) are satisfied. Then for any ¢ €
C?, the solution x(¢)(t) = (x1(¢)(t),...,xn(p)(t)) of the IVP (5) and (6) satisfies
0 < inf z;(p) () < supz;(p)(t) < oo, 1<i<n. (12)

t>0 t>0

The next lemma displays several properties of the positive solutions of the alge-
braic system

fl(arl) = Zmijhij(xj) + 1, 1<i<n. (13)
j=1

We say that © = (21,...,z,) is a positive solution of (13) if z; >0 fori=1,...,n.

Lemma 2.3. Assume that m;; > 0, [; > 0 for 1 <14,j < n, f; satisfies condition
(Ag) and h;j; satisfies condition (Ay). Suppose that

(Hy) ,f_"_((l;)) is increasing and Z“iéuug is decreasing on (0,00) for each 1 <i,5 < n;
ij ij

and hi;(u) is strictly increasing on (0, oo)) ;

(Hy) for each 1 < i < n, either L. s strictly increasing on (0,00) or (li >0

(Hgs) either m;; =0 for all i,j € {1,...,n} satisfying i # j; or there exist i,j €

{1,...,n}, © # j such that m;; > 0 and [either i)y strictly increasing

hij(w)
on (0,00) or (mjj >0 and Z“ézg is strictly decreasing on (0,00)) or (lj >0

and h;j(u) is strictly increasing on (0, oo)) ;
(Hy) the functions f; and h;j satisfy
lim filw)

u—07t hii (u)

either 1; >0 or < mg;, 1<i<n, (14)

Zmij lim g () <1 and lim f;(u) = oo, 1<i<n. (15)

= u—oo f; (u) u—00
Then
(i) the System (13) has a unique positive solution x* = (z3,...,z}).
(ii) For any x = (x1,...,%,) satisfying
n
x; >0, fz(.lil) > Zmuh”(x]) + li, 1<1<n, (16)
j=1
one has
T, > x;, 1<i<n.

(iii) For any x = (x1,...,%,) satisfying
n
x; >0, filz;) < Zmijhij(xj) + 1, 1<i<n,
j=1

one has
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We use the following notations in our main theorem:

% aije(t) "z° aize(t)

m,. = liminf =L —— , My = limsu = , 1<4,5<mn, 17

m;; P 5z( ) ij t~>oop ﬁz( ) SL) s (17)
pi(t) Z pi(t) ,

[, := lim inf l; := limsu , <71<n. 18

- t—ro0 ﬁz( ) t—>oop ﬂl( ( )

)
We note that (Az), (As) and Lemma 2.2 yield 0 < m;; < 0o, 0 < my; < oo,
0<1, <00, 0<I; <ooforl<i,j<mn,and
O<liminfxi()<hmsupxz()<oo, 1<i<n.
t—o00 t—00

Now, we are ready to formulate the main result of this paper.

Theorem 2.4. Assume that conditions (Ag)—(Aj) are satisfied.
(i) If, in addition, (Ag) (i), (i) and (#ii) hold, then for any initial function

©=(p1,...,0n) € C%, the solution x(p)(t) = (x1(©)(t),...,zn(p)(t)) of the
IVP (5) and (6) obeys

z; < liminf z;(p)(t), 1<i<n,
t—o0
where (z7,...,2%) is the unique positive solution of the algebraic system
n
Z hij(z;) + 1,  1<i<n. (19)

(i) If, in addition, (Ag) (z), (iv) and (v) hold, then for any initial function ¢ =
(@15, n) € CY, the solution x(¢)(t) = (x1(@)(t),...,xn(p)(t)) of the IVP
(5) and (6) obeys

limsup z; () (t) < T7, 1<i<m,
t—o0
where (T7,...,T,,) is the unique positive solution of the algebraic system
n —_
Z hij(z;) +1;,  1<i<n. (20)

3. Corollaries and examples. In this section we present several corollaries to
our main result and illustrative numerical examples.

Corollary 3.1. Assume that conditions (Ag)—(Ag) are satisfied, moreover, the
finite limits

% aije(t)

mi; = lim — and l; := lim

exist. Then, for any initial function o = (1,...,¢n) € CY , the solution x(p)(t) =
(1(p)(2), ..., xn(p)(t)) of the IVP (5) and (6) satisfies
tlggo%(@)(t) =Ty, I<i<n,
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*

where (xF,...,2%) is the unique positive solution of the algebraic system

Jj=1

Now, we study a special form of (5). We consider the IVP

n no

2i(t) =D > aije(t)al (t = mije(t) = B () + pilt),  t>0, 1<i<m,
j=1¢=1
(21)
with the initial condition
x;(t) = ¢i(t), —7<t<0, 1<:<n, (22)

where 7 > 0, ¢ = (@1, 92, .-, ¢n) € C} and ayje, Bi, Tije € C(R, Ry ), pij, qi € Ry
for 1 <i,5 <nand1</{¢<mng. Weremark that (As), (As), (As) and (Ag) hold
if

¢ >pij >1, and pi; > pjj, 1<i,j<n (23)
and
ng

pi(t) z, el
either liminf 222 >0 or liminf =2

t=oo Bi(t) tooe Bi(1)

are satisfied. Therefore Theorem 2.4 has the following consequence.

Corollary 3.2. Assume that 7,50 satisfies (Ag), B; and a;je satisfy (Ay) and (Ag),
pi € C(R4,R,) satisfies sup 278 < oo, 1 <i <mn, and (23) and (24) hold.
t>0 "

Then, for any initial function ¢ = (¢1,p2,...,¢n) € CT , the solution x(p)(t) =
(@1(@)(#), ..., xn(p)(t)) of the IVP (21) and (22) satisfies

z; <liminfz;(¢)(?) < limsupzi(p)(t) <77, 1<i<mn,
t—oo t—o0
where (z73,...,x%) is the unique positive solution of the algebraic system
n
D 1<i<n, (25)
j=1
and (T7,...,T)) is the unique positive solution of the algebraic system
n
xl = w4+ 1, 1<i<n, (26)
j=1

respectively, where m;:,m;;,1l; and l; are defined in (17) and (18) for 1 <i,j <n.

37

We remark that the condition (23) in Corollary 3.2 can be weakened.
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Example 3.3. Consider the following system of nonlinear differential equations in
three dimensions, for ¢ > 0,

i1(t) = Y1+ cost)aq(t —2) + %tz (t — 1.5) + t%1z3(t — 0.05)
+t0123(t — 3) +t91(2 4 2sint)z3(t — 0.5)
+t0 123 (t — 2.4) + %123 (¢ — 2.5) — 2t91xt(¢)
+0.2t%1(1.2 + sint),

.')Z'Q(t) = xl(t — 1.5) + 2,@1@ — 05) + xl(t — 04)
+6(10 + cost)za(t — 0.05) + (3 + 3cost)z3(t — 0.09)
+223(t — 1.3) — a3 (t) + 4.5 + cost,

i3(t) = Bat(t—1.9) +223(t —0.2) + 23(t — 0.3) + 10xa(t — 1.2)
+(2 + 5sint)xa(t — 5) + 6x3(t — 0.01) + 423(t — 1)
—223(t) + 4.5+ 2 cost.

Note that the conditions of Corollary 3.2 are satisfied for (27). So, we see from
Corollary 3.2 that

1i£g)1f x1(t) > 7, litn_1>i£f x2(t) > x5 and litlg(i;}f x1(t) > x5,

where (z7, 23, z%) is the unique positive solution of the algebraic system

i = 0.5z +23+23+0.02,
3 = 4dxy + 5dwo + 222 + 3.5, (28)
3 = 4a? + 3.529 + 5a% + 1.25.
We solve the System (28) numerically by the fixed point iteration
A = Yose® + @) + @) +0.02
2 = \/ 42" 4 542 1+ 2(207)2 4 3.5, (29)
o = @) 4 3528 + 5202 + 1.25.

We compute the sequence (ggk),gék),ggk)) defined by (29) starting from the ini-
tial value (ggo),géo),géo)) = (0,0,0). The first ten terms of this sequence are dis-
played in Table 1. We can observe that the sequence is convergent, and its limit is
(zt, a5, 2%) = (4.5960 ... ,8.3147...,7.2095. . ).

Similarly, we can see that

limsupz(t) <7Zj, limsupaq(t) <z and limsupz(t) < 75,
t—o00 t—o0 t—o0

where (Z7,T5,T5) is the unique positive solution of the algebraic system

i = 1.5z + 23+ 323 +0.22,
3 = 4x; + 6632 + 823 +5.5, (30)
3 = 4a? +8.5x9 + 53 + 3.25.

We solve the System (30) numerically by a fixed point iteration defined similarly
to (29) from the starting value (0,0, 0). The numerical results can be seen in Table
2. We conclude that (z7,75,75) = (6.7840...,11.1161...,8.7126...). Therefore
Corollary 3.2 yields

4.5960... < litminfxl(t) <limsupz;(t) <6.7840...,
—00 t—00
8.3147... < liminf z5(t) < limsup zo(¢) < 11.1161 . .., (31)
t—o0 t— 00
7.2095... < litminfxg(t) <limsupxs(t) < 8.7126....
—00

t—o0
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We plotted the numerical solution of (27) in Figure 1 corresponding to the con-
stant initial functions (¢1(t), p2(t), ps(t)) = (2.5,6,2.5) and (¢1(t), p2(t), ps(t)) =
(3.5,8,4). The horizontal lines in Figure 1 correspond to the upper and lower bounds
listed in (31), respectively. We also observe that the difference of the components
of the two solutions converges to zero, i.e., the positive solutions are asymptotically
equivalent. The numerical results demonstrate the theoretical bounds (31).

7 12 10
11
° 8 /NSNS
10
— 5 = =
= =9 % 8
= 3 <
4
8
4|
3 7
2 6 2
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40

FIGURE 1. Numerical solution of the System (27).

TABLE 1. Numerical solution
of the System (28)

T [ 7] ] [ o]
0 0 0 0 0 0 0 0

1 10.3761 | 1.7105 | 1.9834 1 10.6849 | 2.0198 | 2.8145
2 | 1.8185 | 4.8060 | 3.7077 2 | 2.9151 | 5.9799 | 5.0354
3 | 3.6353 | 7.5553 | 5.9214 3 | 5.5288 | 9.7858 | 7.5194
4 | 4.0406 | 7.9252 | 6.4602 4 16.4086 | 10.7362 | 8.3557
5 | 4.4130 | 8.1962 | 6.9628 5 | 6.6740 | 11.0053 | 8.6081
6 | 4.5364 | 8.2765 | 7.1294 6 | 6.7520 | 11.0838 | 8.6822
7 | 4.5767 | 8.3023 | 7.1836 7 |6.7747 | 11.1067 | 8.7038
8 | 4.5958 | 8.3146 | 7.2092 8 | 6.7839 | 11.1159 | 8.7125
9 | 4.5960 | 8.3147 | 7.2095 9 | 6.7840 | 11.1161 | 8.7126
10 | 4.5960 | 8.3147 | 7.2095 10 | 6.7840 | 11.1161 | 8.7126

TABLE 2. Numerical solution
of the System (30)

Next we study the asymptotic equivalence of positive solutions for a special case
of the System (21). We consider the IVP

n

Fi() =3 uje()a; (¢ —7ije(t) = Bi(0)xd (8) + pi(0),

t>0, 1<i<n,
j=1¢=1
(32)
with the initial condition
i (t) = @i (t), —7<t<0, 1<i<n, (33)

where 7 >0, ¢ = (¢1,92,...,9¢n) € O, aije, Tije, i € C(Ry,RL), 0 < myjp(t) < 7
fort>0,1<¢,j<n,1<fl<npandq €N, ¢;>1,1<i<n.
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Remark 3.4. Equation (25) corresponding to (32) has the form

n
x%:Zmiij—i—l“ 1<i<n
Jj=1
Therefore
n
i1
zi(xl™ —my,;) —Zm”m]—i—ll, 1<i<n
i=1
i
1
So its positive solution (27, ...,z}) satisfies 7 > m; ", hence Corollary 3.2 yields

that for every ¢ € C the solution x;(p)(t) of (32)-(33) satisfies

litrginf zi(p)(t) > zr >mi " 1<i<n. (34)

Theorem 3.5. Suppose that 7,0, B; and cje satisfy (Ag), (A;r) and (Ag), g; € N,
pi € C(Ry,R,) satisfies sup 28 < oo for1<i<mn, and
t>0 "

> i <aqmg, > 1, 1<i<n (35)
j=1
Then, for any initial functions ¢, € CT, the corresponding solutions x(y)(t) and
x(¥)(t) of the IVP (32) and (33) satisfy
Jim (z:e)() —2()(®) =0,  1<i<n,
— 00
i.e., any positive solutions of Equation (32) are asymptotically equivalent.

Proof. Let ¢, € C7 be fixed and define v;(t) := z;(p)(t) and w;(t) := x;(¥)(t).
Then

vi(t) = zn: i Qije(t)vi(t —Tize(t)) — B (1) + pi(t),  t>0, 1<i<mn,
and o
wi(t) = zn: i aije(t)w;(t — 7ije(t)) — Bi(t)w (t) +pst), >0, 1<i<n.
Now, intrjo_dluec_elzi(t) — 1s(t) — wi(t), then for £ > 0
Z4i(t) = z”; ;ZO aije(t)z; (t — 7ize(t)) — Bi(t)zi(t) qZ:Ol vitw! (), 1<i<n,
=1 =1 =

or equivalently
n no
4(t) = —ai(D)zi(t) + Y Y uje(t)zi(t — mije(t), >0, 1<i<n, (36)
j=1 =1
qi—1
where a;(t) := 5;(t) > V{(t)w?ﬁl*r(t). We can consider (36) as the perturbation

=
of the scalar ordinary differential equation

y'i(t) = —ai(t)yi(t), t Z 07 1 S ) S n.



12 I. GYORI, F. HARTUNG AND N. A. MOHAMADY

Thus, for any 7' > 0 and 1 < ¢ < n, the solution of (36) satisfies

t n  no
zi(t) = z(T)e™ Jr ai(w)du + / e~ JJ ai(wdu Z Zaijg(S)Zj(S —Tie(8))ds, t > T.
T

j=1¢=1
(37)
The definition of a;(t), (34) and assumption (35) yield, for each i =1,...,n,
n ng n  ng
> aje(t) > agje(t)
j=14=1 . j=1¢=1
lim sup < limsup — T lim sup
t—00 ai(t) t—00 ’z: V{(t)w;h 1 T(t) t—o00 5z(t>
r=0
no
n Z ije(t)
< lim Sup
qiMm; “—7 t—oo 61( )
n
. i
< =
Qi
< 1
Thus, there exist 0 < 7 < 1 and T7 > 0 such that
n no
2 2 aije(t)
== <n<l t>T
axt) n ) = 11,
or equivalently
n
§:§:amz <nai(t), t>Ty, 1<i<n. (38)
j=1 =1
We introduce Z;(o0) := limsup z;(t), 1 < j < n. For every € > 0, there exists a
t—o0

T > T3 such that

|zj(s — Tiju(s))| < Zj(00) + e < max Zj(00) +¢, s>T, 1<i,5<n, 1<{<ny.

1<i<n
(39)
Using (37), (38) and (39), we get
— [t a;(u)du tfff'a-(u du —~
5O < (@)l by [ i S S 0 (6)(s = (o) ds
T j=1¢=1
< z(T)le™ Jrai(w)du 4 (1I£1a<x Zj(00) + ¢ / s ai(w) du a;(s) ds
<j<n

= ‘Zi(T)‘e_fﬂt““i(“)d“+(maX ZJ( )+ ) (1 e fTa(u)du>

1<j<n
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for t > T and 1 <1 < n. Taking the limit supremum for both sides as ¢t — co, and
using (A;) and Lemma 2.2, and that

| atoa = [ s g vy ()" (u)d

T

qi—1 )
> [inf Y (w0 Bi(u)du
t>T v T
r=0
= OO,
we obtain
Zi < Z, 1< <n.
Zi(00) < n(max 7(c0) +¢), <i<n
Thus
- < .
max %i(00) < 1 max %i(00) + 7
which implies
max z;(00) < e
X Z .
1<i<n ' ~1-n
Since € > 0 can be arbitrary small, we get max Z;(00) = 0 and consequently
<i<n
tlim z;(t) =0, 1 <4 <mn. Hence the proof is completed. O
—00

Example 3.6. Consider the following system of nonlinear differential equations in
two dimensions, for ¢t > 0,

#1(¢) = (1.740.2cost)z1(t —2) + (0.25 + 0.1sint)zo(t — 1.5)
—0.522(t) + 8 + 2 cost,

(0.02 4 0.01sint)xy(t — 0.3) + (1.2 4+ 0.2 cos t)z2(t — 10)
—0.223(t) + 2.2 + 2sint.

To(t) (40)

Note that the conditions of Theorem 3.5 are satisfied for (40), where m,; =
3,m11 = 3.8,M12 = 0.7, My = 5,Mo1 = 0.15 and Mgy = 7 satisfy (35) foré,j = 1,2.
Also, using Corollary 3.2, we see that

ligglf x1(t) >z and litrgior.}f xa(t) > x5,

where (z7, z3) is the unique positive solution of the algebraic system

a:% = 3z1 + 0.3z + 12, (41)
a:% = 0.05x1 + 5x9 + 1.
We solve the System (41) numerically by a fixed point iteration
o = \/?@k) +0.328" + 12, (42)
2 = 0052 + 52 41,

We compute the sequence defined by (42) starting from the initial value (0,0). The
first ten terms of this sequence are displayed in Table 3. We can observe that the
sequence is convergent and its limit is (x7,23) = (5.4778...,5.2430...).

Similarly, we can see that

limsupxi(t) <Z7 and limsupaxs(t) <5,
t—o0 t—o0
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where (T7,T5) is the unique positive solution of the algebraic system

22 = 3.811 + 0.72y + 20,

r3 = 0.152; + Tag + 21. (43)

We solve the System (43) numerically by a fixed point iteration defined similarly to
(42) from the starting value (0,0). The numerical results can be seen in Table 4.
We conclude that (z7,75) = (7.3921...,9.3616...). Therefore Corollary 3.2 yields

54778 ... < litm inf 2 (t) < limsupzq(t) < 7.3921...,
— o0

. =0 (44)
5.2430... < htmlnf x2(t) < limsup xa(t) < 9.3616....
— 00

t—o0

We plotted the numerical solution of (40) in Figure 2 corresponding to the initial
functions (‘pl(t)7‘:02(t)) = (3a2)7 (wl(t)ﬂQQ(t)) = (7’ 7) and (@1@)7@2(15)) = (97 10)
The horizontal lines in Figure 2 correspond to the upper and lower bounds listed
in (44), respectively. We also observe that the difference of the components of
every two solutions converges to zero, i.e., the positive solutions are asymptotically
equivalent which coincide (3.5) in Theorem 3.5.

DIEEF 7 [
0 0 0 0 0 0
1 |3.4641 | 1.0831 1 | 4.4721 | 4.6552
2 | 4.7663 | 2.5795 2 | 6.3445 | 7.3850
3 | 5.2031 | 3.7627 3 | 7.0199 | 8.5877
4 |5.4246 | 4.8659 4 | 7.2586 | 9.0666
5 | 5.4659 | 5.1549 5 | 7.3436 | 9.2503
6 | 5.4721 | 5.2008 6 | 7.3744 | 9.3198
7 | 5.4751 | 5.2419 7 | 7.3918 | 9.3608
8 | 5.4777 | 5.2429 8 | 7.3920 | 9.3615
9 | 54778 | 5.2430 9 | 7.3921 | 9.3616
10 | 5.4778 | 5.2430 10 | 7.3921 | 9.3616

TABLE 3. Numerical solu- TABLE 4. Numerical solu-

tion of the System (41) tion of the System (43)

9 10

©

< z N \/\

0 10 20 30 40 0 10 20 30 40
Time t Time t

)
(2]

IS

FIGURE 2. Numerical solution of the System (40).
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Next, we consider again the population model (4):

. e at)ai(t = Tie(t))
@(t) = ;14_%4@)%“_%[() +;aw )i (t — o (t))

J#i
— i ()i (1) — ks ()22 (1), t>0, 1<i<n, (45)
with the initial condition
i (t) = @i (t), —7<t<0, 1<i<n. (46)

We assume that ¢ = (¢1,92,...,0,) € CJ, where Cy := {¢ € C([-7,0],R}) :
P(t) >0, —7 < ¢ < 0}. Note that Cy C C.

The permanence of positive solutions of (45) was investigated in [15] for the case
when the delays in the model can be unbounded. Next, we show that, for the
bounded delay case, our Theorem 2.4 gives permanence of the positive solutions for
this model under weak conditions. We note that we do not need the boundedness
of the functions A, a;;, i and k; which was assumed in [15].

Corollary 3.7. Assume \ig,Vie, @ij, ti, ki € C(R,Ry), and 7,05 € C(Ry,Ry)
with 0 < 7p(t) <7 and 0 < 045(t) <7 fort >0, 1<i#j<nandl=1,...,ng.
Moreover, we assume that there exist positive constants Y Vin T and 7; such that,
foralll1<i#j<nand1l </{<ng,

Kj (t)

L4

0<L‘ <vie(t) <7, 0<m < <7, t>0 and / wi(t) dt = oo, (47)
0

i (t)
and
no no
1321 Yielt) aij(t) ezl Yiel?)
sup ———— < o0, sup < 00, 1, and liminf-— >1. (48
t>0  pi(t) >0 ,uz(t) i t=oo (1) (48)

Then, for any initial function ¢ = (Y1,92,...,pn) € C¥, the solution x(p)(t) =
(1()(t), ...,z () (1)) of the IVP (45) and (46) satisfies

z; <liminf z;(p)(t) < limsup z;(¢)(t) < T}, 1<i<mn,
t—oo t—00
where (z3,...,x%) is the unique positive solution of the algebraic system
Tl = _Miii ) 1<i<n, 49
Fa ¥ i 1+wcz ;f”% == )
J#l
and (T7,...,T)) is the unique positive solution of the algebraic system
mllxl .
, 1<i<n, 50
T + ma? 1+7xl+z_;ng$g St=n (50)
J#
no no
Z Xie(t) E Aie(t)
respectively, where m;, := hmmf =L Sy Mii = lim sup &= OB, 1<i<n, and
t—o0

my = hmlnf ”((t)) My = hmsup a”(t for1<i#j<n.

ij
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Proof. All conditions of Lemma 2.1 hold for the System (45), therefore it implies
that z;(t) = z;()(t) > 0fort > 0and i = 1,...,n. Since we assumed that ¢; € Cj
foralli =1,...,n, it follows z;(t — 74(t)) > 0 for t > 0 and ¢ = 1,...,n. From
(47), we have ~;¢(t) <7, and Zlgg <7, for t > 0. Thus, we get from (45) for t > 0
and i =1,...,n that

aai<t>>zk““) —ruelt)) +Zaw Yoy (= 03y (8)) — pa(®) s (8) + T (1)

= 1—|—’ylgcz t—mt

J;ﬁl
By comparison theorem of differential inequalities, we have z;(t) > y;(¢t) for t > 0
and i = 1,...,n, where y;(t) is the positive solution of the differential equation
no
. )‘ ( )yl t - 7—12
() =
LCRD F v e Zam )it = o5(1)
J#z
—i()yi() + Ty ()],  1<i<n, (51)
with the initial condition
yi(t) = @i(t), —7<t<0, 1<i<n (52)

Next, we check that conditions (Ag)—(Ag) of Theorem 2.4 are satisfied for the
System (51). First note that we can rewrite (51) in the form (5) with

)\il(t)7 lev = 17"'7”07

Ot”g(t) = alj(t)7 ] 7é i7 {= 1a
0, J#FL LF]
“ .
170 J =1,
hi' = I+7;u
() { wo AL
Tif(t)7 ]:Z7 {= 5o -5 100,
Tije(t) = aij(t), J#Fi, =1,
0, Jj#Fi, ! 75 L,
and B;(t) :== wi(t), fi(u) == u + mu? and p;(t) := 0, 1 < i,j < n. We have
S
lim L) — Jyy @FT)0RTw g g Jim Re@ Oforalll<zj<n
wu—0+ hii(u) wu—0+ u U—00 f( )

Therefore, by our assumptions (47) and (48), we can see that conditions (Ag)—
(As) hold. To check condition (Ag), we observe that

ﬁ@J{(1+mwﬂ+vm% j=i,
hij(u) 1+ 7u, g £,
is strictly increasing and
hjj(u) u 1
hij(w)  u(l+7u) 14+7u
is strictly decreasing on (0,00), for each 1 < i # j < n. We see that m;; =
HZ% Aje(t)

litrggolf% > 1 by (48), and

o)
j # i. Hence conditions (Ag) () (ii) and (iii) are satisfied, and we can ap-
ply Theorem 2.4 (i) to the System (51). Therefore we get the lower estimates
litminfxi(ga)(t) > litmmfyz( ©)(t) >z, 1 <4 <n, where (z7,...,2}) is the unique
— 00 — 00

» En

is strictly decreasing on (0,00), for all
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positive solution of the algebraic system (49). Similarly, we can get the upper es-

timates limsup z;(¢)(¢t) <z}, 1 < i < n, where (Z7,...,T)) is the unique positive
t—o0
solution of the algebraic system (50). O

Now, we consider a time-dependent version of the m-dimensional Nicholson’s
blowflies system (3) for ¢ > 0:

no n
Bi(t) = > bu(t)wi(t — oe(t))e ™ o) LN "ay (D) (1) — di(t)zi(t), 1<i<n
=1 =1
i
(53)
with the initial condition

i (t) = @qi(t), —7<t<0, 1<i<n, (54)

where 7 > 0, ¢ = (¢1,92,...,0n) € CV, big,a;5,d; € C(Ry,Ry), and oy €
CR4,Ry) with 0 < gy(t) < 7fort >0,1<i#j5<n,¢=1,....,n9. The
the persistence and permanence of the autonomous system (3) was investigated in
[16]. Unfortunately, our method does not work for this population model, since
the function uwe™™ is not monotone increasing, and so condition (A4) of our main
Theorem 2.4 is not satisfied for (53). But we can apply our method to get an upper
bound of the limit superior of the solutions of (53). We formulate this result next.

Corollary 3.8. Assume by, a;;,d; € C(Ry,Ry), and 0y € C(Ry,Ry) with 0 <
o) <7 fort>0,1<i#j<nandl=1,...,n9. Moreover, we assume that,
forall1 <i,5 <n,

di(t)>0, t>0  and / d(#) dt = oo, (55)
0
> bie(t)
sup S and sup a5 (1) < oo, j#i, (56)
t>0  di(t) >0 di(t)
and
ng
e o ay()
liminf =——— >1 d li % 1.
im in D > an J; im sup RO < (57)

i
Then, for any initial function ¢ = (p1,@2,...,¢n) € CY, the solution x(p)(t) =
(1(@)(t), ..., xn(p)(t)) of the IVP (53) and (54) satisfies

zi(p)(t) >0, t>0, and limsupz;(o)(t) <z, 1<i<n,
t—o00
where (T7,...,T)) is the unique positive solution of the algebraic system
n
j=1
J#i
no
> bie(t) ai; (8)
where T;; := lim sup Zzllii(t) , 1 <@ <n, and my; := limsup d:-,](t) for1<i#£j<
t—o00 t—o0

u o
n, and H(u) ::{ uel ' Z;}’
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Proof. All conditions of Lemma 2.1 hold for the System (53), therefore it implies
that z;(¢)(t) > 0fort > 0and i = 1,...,n. We have ue ™ < H(u) for v > 0,
therefore (53) yields

) < Zb,g (zi(t — oi(t))) + Zaz] )z, (t) — di(t)zi(t), 1<i<n.
J#%
By comparison theorem of differential inequalities, we have x;(t) < y;(t) for ¢ > 0,
i=1,...,n, where y;(t) is the positive solution of the differential equation
szZ yz t - sz + Zau y; (t)yi(t)a 1 S { S n, (59)
J#z

with the initial condition
yi(t) = @i(t), —7<t<0, 1<i<n. 60)

Next, we check that (Ag)—(Ag) of Theorem 2.4 are satisfied for the System (59).
First note that we can rewrite (’)9) in the form (5) with

—~

() .7:27 EZI)"'anOa
aijfu) = Qi (t) J 7é i, = 1,
0, J#FL  LF
H(w),  j=i,
hij(w) = { B

g — aie(t), j=i, €=1,...,ng,
Tigelt) = { 0, otherwise,

and B;(t) := d;(t), fi(u) :=u and p;(t) := 0, 1 < 4,5 < n. We have
fi(u) hij(u) :{ 0, j=4,

lim = lim LN 1 and lim e
u—0t h“(u) u—0t H(u) U—>00 fz( ) 1, ] 7é 1

for 1 < 4,5 < mn. Thus, by our assumptions (55), (56) and (57), we can see that
conditions (Ag)—(As) hold. To check condition (Ag), we observe that

X eu’ u S 17 J = ia
}fl(u) = e, u>1, j =i,
i (®) 1, w1, 44

is increasing and

hij(w) — hij(u)
is strictly decreasing on (0, 00), for each 1 < 14,5 < n. Moreover, for each 1 <i <n,
2 b
Fow) Z 52 (1)

(u) . . . . -
iy s strictly increasing on (0,00). Foreachj =1,...,n,m,; > hm 1£f W >

1 by (57), and h”Eug is strictly decreasing on (0, o0), for all j # i. Hence conditions
(Ag) (i), (iv) and (v) are satisfied, and we can apply Theorem 2.4 (ii) to the System
(59). Therefore we get the upper estimates hm sup xi(p)(t) < hm sup yi(p)(t) <z,

- 1 2 u>1, j#i,

eu’

hjj(u) _ H(u) { e, u<l, j#i

1 <4 < n, where (Z7,...,T,) is the unique pOblthG solution of the algebraic system
(58). O
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4. Proof of the main results. In this section we provide the proofs of our main
results formulated in Section 2. First we recall the following result from [21].

Lemma 4.1. (see [21]) Let 1 < i < n be fized and y(T,y,, ¢, Bi, fi)(t) be the solution
of the IVP

90 =B (e Lw®),  t=T=0, (61)
y(T) = yo, (62)

where ¢ > 0, B; satisfies condition (A;) and f; satisfies condition (Ag). Then for
any T > 0,y, > 0, and ¢ > 0 the corresponding solution y(T,y,,c, Bi, fi)(t) of the
IVP (61) and (62) is uniquely defined on [T, c0), moreover we have

(i) ¢>0 and 0 <y, < f; '(c) yield that
0<y(T7yo7c7ﬁi7fi)(t) <f7;71(c)) y(Tayoacaﬁimfi)(t) >O7 tZT

and
t1—1>r£lo y(Ta Yo Cs Bia fz)(t) = fi71<c);

(i) y, = f[l(c) yields that y(T,y,,c, Bi, fi)(t) = f{l(c), t>1T;
(iii) ¢ >0 and y, > f; '(c) yield that

y(TayoaC,ﬁiafi)(t) >fi_l(c)a y(Taymcvﬂi,fi)(t) <07 tZT

and
Jim y(T.y,.c. B 1)(0) = £7(0)

Proof of Lemma 2.1 Since x;(0) = ¢;(0) > 0, 1 < ¢ < n, then if x;(t) > 0 for
t > 0,1 < i < n, then we are done. Otherwise at least one of x1(t),...,x,(t) is
equal to zero for some positive ¢. Since the functions x1(t), ..., z,(t) are continuous,
then in the last case there exists a t; € (0,00) such that z;(t) > 0 for 0 < ¢ < ¢4,
1 <4< nand min{z(t1),...,2,(t1)} = 0. Since a;j,(t) > 0,75.(t) > 0, p;(t) > 0,
t>0,1<4j<n,1<¥¢<ng, and hij(u) >0, u>0,1<4j<mn, then from (5)
we have

But from the comparison theorem of the differential inequalities (see [10]), we have

where y;(t) = y(0,¢;(0),0,8;, fi)(t), 1 < i < n is the unique positive solution of
(61) with ¢ = 0 and with the initial condition

yi(O):fEi(O):gOi(O) >07 1§’L§n
Lemma 4.1 yields y;(t) > 0, for all ¢ > 0. Then at ¢t = ¢; we get z;(t1) > yi(t1) > 0,
1 < ¢ < n, which contradicts our assumption that min{z;(t1),...,2,(t1)} = 0.
Hence z;(t) > 0,1 <i<nforteR,. O
Proof of Lemma 2.2 First we show that
inf x;(t 1<i<n.
1%121033()>0, <i<n (63)

Let ¢ = (¢1,92,...,9n) € C} be an arbitrary fixed initial function. Then, by
Lemma 2.1, the solution z(t) = 2(¢)(t) = (21(©)(t), ...,z (0)(t)) obeys z;(t) > 0,
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1<i<n,t>0. We claim that there exist 7" > 0 and ¢ > 0 such that the following
inequalities are satisfied, for every ¢ = 1,...,n,

3 R ahle)
Ogng z;(t) > ¢ and 5 + Bi(D)

From (8), we have two cases:
(i) if i is such that lim inf 2:) 0, then fix a & > 0 such that

Bi(t)
lim inf pi(t)
t—o00 ﬁz(t)
Thus there exists T; > 0 such that

pi(t)
Bi(t)

Lemma 2.1 and (Ag) imply that there exists a ¢; > 0 such that

I Mc

> file), t>T. (64)

> & > 0.

>& >0, for t>T;.

: . , , o < e
Ogmtlélsz(t)>cZ and  fi(u) <& for O<u<g

Therefore (64) is satisfied for such .

TLE aiie(t)
(ii) if ¢ is such that limsup { (( )) < liminf * 67(0’ then let K; > 0 be such that
w—s0+ t—o0
ng
() 2 )
lim sup < K; < hm mf =1

u—0+ hn( ) 51 (t)
Thus there exists T; > 0 such that

% @i (t)

K; < R t>1T,.
ﬂz( )
Also, there exists ¢; > 0 such that
fi(u) <K;, for 0<u<c¢ and min x;(t) > ¢;.
hii (U) 0<t<T

Then we have
ng
> iie(t)

no
Z ije(t)hij(c) 1
= > —filW) S > fi(w),  t>T, O<u<g,

5.0 TAR O
and hence (64) holds for such i. Therefore (64) is satisfied, for all i = 1,...,n, with
T = max{Ty,...,T,} and ¢ = min{cy,...,c,}.

Now, in virtue of (64), either x;(t) > c for all t > 0, 1 < i < n, or there exists
to € (T,00) such that min{x;(t2),...,2,(t2)} = ¢ and z;(t) > c for ¢t € [0,t2),
1 <4 < n. In this case at least one of the values of x1(t2),...,2,(t2) is equal to c.
Assume, e.g., that 21 (t2) = ¢, then & (¢2) < 0. On the other hand, the monotonicity

HM:
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of hi; and (64) yield that

2, 25 ety oyt = (1) )
i1(t2) = Pults) Bi(t2) _fl(xl(tQ))+51(t2)
Soenhe
> Bi(ts) ) () - fi(e)
>0

which is a contradiction, since 21 (t2) < 0. Hence x1(t) > ¢ for all ¢ > 0. Similarly,
we can show that x;(¢) > ¢, for all t > 0, 2 < i < n, and therefore (63) holds.
Now we show that

sup z;(t) < oo, 1<i<n. (65)
>0

We claim that there exist T' > 0 and M > 0 such that the following inequalities are
satisfied, for every : = 1,...,n,

n no
>~ ije(t)hi; (M)
max z;(t) < M and ==l + pill) < fi(M), t>T
o<t<T " Bi(t) Bi(t) ' 7
(66)
The second relation of (66) holds if
LRy hi (M)
ng e; @it (1) 70 L p(t )
— + : <1, t>T. 67
Bi) 7.0 it (
Using (10), there exists a u; > 0 such that
no
n iie(t
Z(lim sup Elaﬂ()) lim sup iy () <pp<l1
= t—o00 Bz(t) U—00 fz(u) ! ’
then there exists an > 0 such that
no
n Z (67 g(t)
Z(lim sup L + 5) (hm sup g () + 5) < .
=1 t—o00 Bz(t) U— 00 fz(u>
Thus there exist T; > 0 and V3; > 0 such that
ng
n 1] t
Z(Sup z;a je( )) hij (u) < u> Vi
S\, Bil) J filw) ST T

Moreover, using (9), there exists a V; > 0 such that

1 sup pi(t)
fi(w) &>, Bi(t)

<1—py u> Vo,
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and so there exists a large M > 0 such that (67) holds and Jmax x;(t) < M, with

T =max{T,...,T,}, for all 1 = 1,...,n. Hence inequality (66) is satisfied for each
i=1,...,n. Now, in virtue of (66), either z;(t) < M for allt > 0,1 < i < n, or
there exists t3 € (T, 00) such that max{z1(t3),...,zn(t3)} = M, and z;(t) < M for
t €[0,t3) and ¢ = 1,...,n. In this case at least one of the values of z1(t3), ..., x,(t3)
is equal to M. Assume, e.g., that x1(t3) = M, then 21 (¢3) > 0. On the other hand,
using (66) and the monotonicity of hi;, we have

[ ijl :1 aje(ts)hag(x(ts — T15e(ts))) p1(ts)
Bi(ts) = Aty Bilta) ~ A5,
[ an ;0 aje(ts)hi; (M) p(ts)
j=14=1 1\*3
< Bilts) Bi(ts) — L)+ Bi(ts)
<0

which is a contradiction, since &1 (t3) > 0. Hence x1(t) < M, for all ¢t > 0. Similarly,
we can show that z;(t) < M, for all t > 0, 2 < i < n, and therefore (65) holds. O

Now, we consider the system of nonlinear algebraic equations
Yi(z:) = Zgzj(iﬂj), 1<i<n, (68)

where Yi € C(R+,R)7 Gij € C(R+7R+)v 1< 7’7,7 <n.

In [22] sufficient conditions were given to guarantee the existence of a unique
positive solution of (68). We recall this result next.
Theorem 4.2. ([22]) Letv; € C(R4,R) and g;; € C(R4,Ry), 1 < 14,5 <n be such
that
(A) for each 1 <i < n, there exists a uf > 0 satisfying

<0, if  0<u<uf,
~vi(u)q =0, if  uw=ul,
> 0, if  u>ul,

and ~y; is strictly increasing on [uf, 00).
(B) gij, 1 <i,j <n is increasing on Ry, and there exists a u;* > u} such that

Zgij(u)<'yi(u), u>u", 1<i<n. (69)
j=1

Then the System (68) has a positive solution.

Moreover, assume that
(C) for each 1 <i,j <mn, either g;j(u) >0 for u >0 or g;;(u) =0 for u> 0;
(D) for each 1 < i,j < n, ;jj((z)) is monotone increasing on (u},o0), assuming
gij(u) > 0 for w > 0, and there exist i,j such that g;;(u) > 0 for u > 0 and
% is strictly monotone increasing on (uj,00).

Then the System (68) has a unique positive solution.
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We note that uniqueness of Theorem 4.2 was proved in [22] under the condition
that
(D*) for each 1 < i,j < n, ;JJ ((’;)) is strictly monotone increasing on (u},00),
assuming g;;(u) > 0 for u > 0.

We note that the uniqueness of the positive solutions of (68) also holds if we assume
(D) instead of (D¥*), and the proof is an obvious extension of that presented in
[22].

Proof of Lemma 2.3 The proof of part (i) is obtained directly from Theorem 4.2,
where we can rewrite (13) in the form (68) with v;(u) := f;(u) — ms;hi;(u) —1; and
gij(u) := my;h;j(u) for each 1 < i # j < n and g;;(v) = 0. Now, to prove the
existence of a positive solution for System (13), we check that conditions (A) and
(B) of Theorem 4.2 are satisfied. For condition (A), we have that ;(u) = 0 if and
only if

filw) L
The left hand side of (70) is increasing and the right hand side of (70) is decreasing,
moreover, assumption (Hz) yields that either the left hand side or the right hand
side is a strictly monotone function. Therefore, condition (A) of Theorem 4.2 holds,

if we show
filu) < i l;
u—0t h“(u) u—0t h”(u)

+my, 1<i<n. (70)

+ mi;, 1<i<n, (71)

and

. fi(u) . l;
1 |
w35 T ()~ e o (@)

If I; > 0 and h;;(0) = 0, then (71) follows, since the left hand side of (71) is always

finite, since }{1 1((“13) is monotone increasing. If I; > 0 and h;;(0) > 0, then the right

hand side of (71) is finite and positive, but lirg+ ]f}'_(giu)) = 0 using (Ag). If I; =0,
u— o
then assumption (14) yields (71). Relation (72) follows immediately from (15).
Hence condition (A) is satisfied.
To check condition (B), we see that g;;(u) := my;h;j(u), 1 < i # j < n, and
gii(u) = 0 are increasing on Ry, and relation (69) is equivalent to

+ my;, 1 < 1 <n. (72)

Zmijhij(u) < fi(w) —myihii(u) — L,
=1

J#i
which is satisfied if and only if

2" py G <

Therefore, using (15), (69) is satisfied when w is large enough and hence condition
(B) is satisfied. Therefore (13) has a positive solution. For the proof of the unique-
ness of the positive solution of the System (13), we check that conditions (C) and
(D) of Theorem 4.2 are satisfied. Since m;; > 0 and h;;(u) > 0 for u > 0, for
each 1 < i,j < n, then condition (C) is satisfied. To check condition (D) assume
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m;; > 0. Then the function

vilw) o fiw) = myihi(u) =1
gij(u) mijhiz(u)
fitw)  myihyi(w)

o omighij(u)  maghig(u)  mijhig(u)
is monotone increasing on (0,00), by (A4) and (Hy). By assumption (Hg), there

exists ¢ # j such that - (( )) is strictly monotone increasing on (0,00), and so

condition (D) is satisfied. Hence the System (13) has a unique positive solution.
Now we prove (ii). From (16) we have

T > fi_l Zm,-jhij(a:j) +1; ], 1<i<n. (73)

Assumption (Ag) and (14) yield that there exists a small «* such that
0<u® <z, 1<i<n. (74)

and

- hij(u*) ;
Pt R

j=1
or equivalently,
n
Now we construct a sequence (z EO), e a:l(k)7 ...) such that
xgo) =u" and x(kH Zm” i ( —|—l , k>0, 1<i<n,
(76)
and we prove that the sequence (fl('o), . ,xgk), ...) converges. For this, we prove that

the sequence (:vz(-o), . ,xgk), ...) is monotone increasing and bounded from above.

First we show
2P > forall k>0, 1<i<n. (77)
For this aim, we use the mathematical induction. At k = 0 we have, by (75) and

(76),

n
oV = f Zmijhij(mg‘()))‘i‘li
j=1
= Zm” i (u")+1;

Next, we assume, for some k > 0, that

(k— 1)

2 ®) > 1<i<n. (78)
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Then, by (76) and (78),

z§k+1) _ Zm” i )+ 1
k
=z Zm” ig\Tj 1)+l
1
= x(k) 1<i:<n

Hence the sequence (zgo) z®)

geeeydy Ty

.) is monotone increasing for all k > 0,1 < ¢ <
n. Now, to prove that the sequence (xl(»o), .. ’ng)7 ...) is bounded from above for
all k >0, 1 <14 <n, we show that

xEkH) < x;, for all k>0, 1<t <n.

Again, we use the mathematical induction. At k& = 0 we have, by (73), (74) and
(76),

Z‘gl) = fi_l me Z] 0 + l

= fi_l Zmijhij(u*) +1;
j=1

< S Do mighi(ag) +
j=1

< Xy, 1<i<n.
Next, we assume, for some k > 0, that

zgk) < z;, 1<i<n. (79)
Then, by (73), (76) and (79), we have

oMY = S g () + 1
S Zmijhij(acj) + li
j=1
< 1<i<n,
and hence the sequence (fl('o), e ,xgk), ...) is bounded from above for all £ > 0,

1 < i < n. Now, since the sequence is monotone increasing and bounded from
above, it converges and has a finite limit, i.e.,

lim x(k):x;-k, 1<i<n,
k—o0
and clearly, * = («7,...,2%) is the unique positive solution of (13). On the other

hand, we know that

e <z k>0, 1<i<n,
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which implies
z; <y, 1<i<n,
and hence the proof of (ii) is completed.
The proof of part (iii) is similar to that of part (ii), so it is omitted here. O

Now, we are ready to prove the main result of the manuscript.

Proof of Theorem 2.4 In the proof we will use the notations
27 (c0) == litrginfxi(cp)(t) and Z¥(00) := limsup z;(¢)(t).

%
t—o00

By conditions (7), (8), (9) and relation (12), we have for any T > 7 that

no no
>~ aije(t) >~ aije(t)
0 <my;(T) := inf L < SUPL = M;;(T) <00, 1<i,j<n;

—~

80)

0 <U(T):= inf pi(t) < sup pilt) = L;(T) < o0, 1<i<mn; (81)
t>T

and

0<z,(T):= t>i§~lf_7xi(t) < t>511{p x;(t) = T (T) < o0, 1<i<n. (82)

Thus from (80), (81), (82) in (5) we get

Ti(t) > Bi(t) 2 T(t)hij@j(T)) +1(T) = fi(wi(t))
i n_ égl a50(t)
> Bi(t) ;gg;whw@j(ﬂ) +1(T) = fi(wi(t))
> Bi(t) Zmij(T)hij@j(T)) +1(T) = fi(wi(t))|, t=>T, 1<i<n,
or equivalently _

where C(T) := > m;j(T)hij(z;(T)) + 1;(T). From (83) and the comparison theo-
j=1
rem of differential inequalities we get
zi(t) > yi(t), t>T, 1<i<n,

where y;(t) = y(T, ¢;(T), Ci(T), Bi, fi)(t), 1 < i < n are the solutions of the differ-
ential equations (61) with ¢ = C;(T) and with the initial condition

yi(T) = z:(T), 1<i<n. (84)
So, from Lemma 4.1, we see that

Jim yi() = £ (G(T),  1<i<n,
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Thus, for any T' > T,

® SR P ) . N =1 )
] (00) := liminfz;(¢)(t) > lim y;(t) = f; (Ci(T)),  1<i<n.
But
i —1 = 1 -1 .. .. .
i JEHCT) = i S 2 mi (ks () + 1(T)
j:
-1 . e . 4
= I ;TILH;O mi; (T)hij(z;(T)) + Thj{l}o 1;(T)
o fl—l Zmljhij(ﬁj (00)) +1; |, 1<i<n
j=1
Therefore
zf(00) > fi myhij(Ef() +4 |, 1<i<n,
j=1

or equivalently
fi(zf(00)) = > myhij(af(00)) +4,  1<i<n
j=1

Since all the conditions of Lemma 2.3 are satisfied with m;; = m,; and [; = [,, it
can be applied, and we obtain

z(o0) > zj, 1<i<n,
where z* = (z7,...,2)) is the unique positive solution of the System (19). In a
similar way we can get

zf(o0) < 7, 1<i<n,
where T5 = (77,...,7,,) is the unique positive solution of the System (20). Hence
the proof is completed. O

5. Conclusions. In this manuscript we obtained sufficient conditions for the uni-
form permanence of the positive solutions of a system of nonlinear differential equa-
tions with delays of the form

n  no
2i(t) = > aije(t)hij(x(t — 7i50(8)) = Bi(t) fi(wi(t)) + pi(t), t >0, 1 < i <.
j=1¢=1
It is an interesting future question to extend our method under weaker conditions,
e.g., when some functions h;; are decreasing. The key technical result we used in
the proof of the main result is Theorem 4.2, where we gave sufficient conditions to
guarantee that the algebraic system

has a unique positive solution. It is challenging to extend this result to the case
when some functions g;; are increasing, but some others are decreasing.
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In Corollary 3.2 we formulated explicit conditions for the uniform permanence

of the special system when h;;(u) = vP¥ and f;(u) = u%, 4,5 =1,...,n. We also
gave explicit conditions implying that all positive solutions of the system
n no
Bi(t) =YD )z (t — mige(t) = Bi()xL () + pit), >0, 1<i<n
j=1¢=1

are asymptotically equivalent (see Theorem 3.5). It is an open problem to extend
this result to a broader class of nonlinear delay systems, even for equations of the

form
n no

Fi(t) =Y Y ez (t = mige(t) = Bi()af () + pilt), =0, 1<i<n

j=1¢=1
such that ¢; > p;; > 0. We investigated some population models and presented
several examples to illustrate our main result.
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