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Abstract

In this paper we formulate a stability theorem by means of linearization around a
trivial solution in a cass of autonomous neutral functional differential equations with
state-dependent delay. We prove that if the trivial solution of the linearized equation is
exponentially stable, then the trivial solution of the nonlinear equation is exponentially
stable, as well. As an application of the main result, explicit stability conditions are
given.
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1 Introduction and Formulation of the Main Results

In this paper we consider the autonomous neutral differential system

%(m(t) —g(x(t — O'(l‘t)))) = f<3:t,3:(t — T(:L't))>, t>0 (1.1)

and the associated initial condition
x(t) = (1), t e [—r0], peC. (1.2)

Here we assume that r > 0 is fixed, g: R" — R", f: R" x R” — R™ and o,7: C — [0,7].
A fixed norm on R"™ and its induced matrix norm on R™*" are both denoted by |-|. C
is the Banach space of continuous functions ¢ : [—r,0] — R" equipped with the norm
|| = sup{|v(s)|: s € [-r,0]}. The solution segment function x;: [—r,0] — R™ is defined
by z¢(s) = x(t + s).

We assume that z = 0 is a constant equilibrium of (1.1), and we study the exponential
stability of the trivial solution by means of linearization technique.

This research was partially supported by Hungarian National Foundation for Scientific Research Grant
No. T046929.



For retarded delay differential equations with state-dependent delays (SD-DDEs), i.e.,
the case when g = 0 in (1.1), a linearized stability theorem was first proved in [5]. Later,
similar results were proved for different classes of SD-DDEs in [12, 16, 20, 21, 27]. The
main technical difficulty to prove a linearized stability theorem in SD-DDEs is that the map
C 3¢ f(¢,¥(—7(1))) € R™is not Fréchet-differentiable. See [22, 27] for more details and
discussions on this topic. We refer the interested reader also to [22] for a survey on general
theory and applications of SD-DDEs. The study of SD-DDEs is an active research area (see,
e.g., [1, 9, 16, 22, 24, 25] and the refences therein). Much less work is devoted to neutral
functional differential equations with state-dependent delays [2, 3, 4, 6, 11, 17, 18, 19, 23, 28,
29].

We compare the exponential stability of the trivial solution of (1.1) to that of the associ-
ated linear system

d

(50~ 9 O)y(t — 5(0))) = Dif(0,005 + Daf(0,0)y(t —7(0)),  +20, (1)

where 0 is the constant 0 function in C, and we associate initial condition (1.2) to (1.3).
We assume throughout the paper

(H1) (i) the function g: U; — R™ is continuously differentiable, where U; C R™ is open,
and 0 € Uy;

(i) g(0) =0;
(i) [g'(0)| < 1;

(H2) (i) the function f: Uz x Us — R™ is continuously differentiable, where Uy C C and
Us C R™ are open subsets, 0 € U and 0 € Us;

(i) f(0,0) =0;
(H3) (i) the delay functions o,7: Uy — [0,7] are continuous, where Uy C C' is open, and
0 € Uy;
(i) o(0) #0;
(H4) p € C.

Note that (H1) (ii) is not a restriction on the problem, since we can always add a constant
to the function g.

Assumptions (H1)—(H4) yield only the existence but not the uniqueness of solutions of
the IVP (1.1)-(1.2) (see corresponding results for retarded SD-DDEs, e.g., in [7, 20, 22]).

We say that the trivial (zero) solution of the linear equation (1.3) is exponentially stable,
if there exists K7 > 0 and « > 0 such that

ly(t)] < Kiem™lgll,  t=0. (1.4)

In this case we say that the order of exponential stability is a.



Similarly, we say the trivial solution of the nonlinear equation (1.1) is exponentially stable,
if there exist £ > 0, 8 > 0 and § > 0 such that

e(t) < Ke™"llgll,  t=0, ol <0.

We formulate the main result of the paper in the next theorem.

Theorem 1.1 Assume (H1)-(Hj). If the trivial solution of (1.3) is exponentially stable,
then the trivial solution of (1.1) is exponentially stable, as well.

The proof will be given in two steps. In Section 3 we show that the trivial solution of (1.1)
is stable, and in Section 4 we give the proof for its exponential stability. Section 2 contains
some preliminary results and introduces notations will be used in the sequel.

We comment that the results are presented for the case of the zero equilibrium, but they
are easy to generalize for the case of any constant equilibrium. Also, the proofs are easy to
extend to the case when they are multiple state-dependent delay terms on the right-hand-side
of (1.1), but the method we use (especially Proposition 2.3 below) relies on the fact that there
is only a single delay term in the neutral part of the equation, i.e., on the left-hand-side of
(1.1).

Theorem 1.1 immediately has the following corollary. Let I be the n x n identity matrix.

Corollary 1.2 Assume (H1)-(H4). If there exists co > 0 such that all roots of
A — ¢ (0)Ae© = D, £(0,0) (e’\'l> + Dy f(0,0)e (O

satisfiy Re A < —cg, then trivial solution of (1.1) is exponentially stable.

Combining Theorem 1.1 and known stability conditions for linear neutral equations we
can formulate explicit stability conditions for equation (1.1). As an illustration, we formulate
the next three theorems based on stability conditions of [8], [26] and [10], respectively. Note
that for retarded SD-DDEs similar explicit conditions were given in [12] and [14].

Consider the scalar equation

%(m(t) ~ gla(t — J(xt)))) - h(x(t),:n(t - T(xt))), t>0. (1.5)

Then equation (1.5) has the form (1.1) with f(¢,u) = h(1(0),u). We assume

(H2*) (i) the function h: Uy x Us — R is continuously differentiable, where Us and Us are
open subsets of R containing 0;

(i) h(0,0) = 0.



Theorem 1.3 Suppose (H1), (H2*), (H3), (H{), n =1, and
(Z) Dlh(0,0) < _|D2h(070)|}
(i) o(0) = 7(0) > 0.

Then the trivial solution of (1.5) is exponentially stable.

Theorem 1.4 Suppose (H1), (H2*), (H3), (H{), n =1, and
(i) D1h(0,0) = Dah(0,0) < 0,
(i1) o0(0) =27(0) > 0,

(iii) and either

1
—3<d0) <1, g(0)#0
or
1 1+4'(0) 1—4'(0) 1+4'(0)
-1 / _Z - JY
<g(0) < 3 0<7(0) < D1h(0,0) \| Z397(0) -1 arccos 24/ (0)

hold. Then the trivial solution of (1.5) is exponentially stable.

Theorem 1.5 Suppose (H1), (H2*), (H3), (H{), n =1, and
(i) D1h(0,0) + Doh(0,0) > 0,
(i) |g'(0)| + [D2h(0,0)|7(0) < 1.

Then the trivial solution of (1.5) is exponentially stable.

2 Preliminaries

We introduce some constants will be used throughout the paper. Let |¢'(0)] < ¢ < 1 be fixed,
and let o > 0 be such that

ueUyNUs forueR" |ul <o and Y e Us fory e C, ||¢] <o,

and
' (u)] < ¢, lu| < o0, wueR™

Define
M = max max{|Dif (i, w)]: (¥,u) € Cx R", V]| < o, |u] < o} }.
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It follows from the Mean Value Theorem and the definition of ¢ that

lg(u) —g(@)| < clu—al,  waeR" |uf,[a] <o, (2.1)

and
|f(,u)— f(, @) < M(|Jp—[|+|u—d]), (¥, u), (,a) € CxR™, |||, 1} < o, |ul, Iﬂl(é Q)-
2.2

We introduce the following functions:
(s) sup{lg'(u) — ¢'(0)[:

( ) = sup{\le(zb,U) le(0,0)‘Z maX{Hw”7 ’u‘} <s, pely ue U3}
w3(3) = Sup{‘DQf(lb,U) D2f(070)‘: maX{Hw”7 ’u‘} <s, el ue U3}
(s)
(s)

lul <s, uelU}

= sup{lo(¢) —o(0)|: [[¢]l <5, ¥ € Us}
= sup{|T(y) = 7(0)|: [[¢[| <5, ¥ € Us}

q

\]

The assumed continuity of the respective functions yields w;(s) — 0 as s — 04 for i =
1,2,3,4,5. To simplify formulas later we define

w(s) = max{wi(s),wa(s),ws(s),ws(s),ws(s)}.

Then w is a monotone nondecreasing function and w(s) — 0 as s — 0+.

Proposition 2.1 Suppose x is a solution of the IVP (1.1)-(1.2) satisfying

lz(t)| < o, for te-rT| (2.3)
for some T' > 0. Then there exist constants N1 > 1 and v > 0 such that

z(t)] < Nie"[lell,  tel0,T).

Proof Integration of (1.1) from 0 to ¢ yields
2(t) = glalt - o(a,))) + o(0) - / F (25 — 7(22))) ds,
hence, using (2.1) and (2.2) we get
2B < lglalt —o(2)) — g(0)] + [o(0)] + lglp(~0 () — g(0)
/ (s 2(s — 7(22))) — £(0,0)|ds
< cla(t = o) + llll + clel(—ote)| + M | el + (s = m(z.))l) ds

t
< e max [afu )|+(1+c)HcpH+2M/ mas [e(uw)]ds, e 0.7
o —r<u<s

—r<u<
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Since the right-hand-side is monotone increasing in ¢, it implies (see, e.g., Lemma 2.1 in [17])

t
max |z(u)] <c¢ max |z(u)|+ (14 o)||¢l + 2M/ max |z(u)|ds,
—r<u<t 0 —r<u<s

—r<u<t
and so
1 2M
lz(t)| < max |z(u )|< +C / max |x(u)|ds, te[0,T].
—r<u<t —r<u<s
Consequently the statement of the lemma follows with N1 = 77 and v = 2M ¢ from Gronwall’s
inequality. O

We can rewrite equation (1.1) as

& (at) — ¢ )2t 0(0) ~ G(1) = D1 (0,0)2, + Daf(0,0)2(t — 7(0)) + F(1), 120,
where

G(t) = g(a(t = o(w))) = ¢ (0)a(t — o(0))
and

F(t) = f (w2t = 7(21))) = D1f(0,0)a; — Daf(0,0)a(t — 7(0)).

We define the fundamental solution of (1.3) as the n x n matrix solution of the initial
value problem

%(V(t)—g'(U)V(t—U(O))> = D1f(0,0)V; + Daf(0,0)V(t —7(0)),  t>0, (24)
vo = {5 120 25)

Here I and 0 denote the n x n identity and the zero matrices, respectively. We comment that
D1 £(0,0) is a bounded linear functional on the space C, but using Hahn—-Banach-Theorem,
we can extend it to the space of bounded functions defined on [—r,0]. In (2.4) this extension
is used, which is denoted by D; f(0,0), as well.

The variation-of-constants formula (see, e.g., [15]) yields

x(t):y(t)—i—G(t)—V(t)G(O)—/otd[Vt—s /Vt—s )ds, t>0, (26)

where y is the solution of (1.3) corresponding to initial condition (1.2). It is easy to check that
V is continuously differentiable on the intervals (ko (0), (k + 1)o(0)), it is right-continuous
at the points ko (0), has left-sided limits at the points ko (0), and V (ko (0)) — V (ko (0)—) =
(¢'(0))* for k =0,1,.... Consequently (2.6) can be rewritten as

kol t
W) = Y- VRGO + 3 (G 0) Gt - ko(0)) + / VI(t — 5)G(s) ds

k=0 0

+ /0 V(t —s)F(s)ds, t>0, (2.7)



where [-] is the greatest integer part function.

If the trivial solution of (1.3) is exponentially stable with order «, i.e., (1.4) holds, then
it is known (see, e.g., [15]), that there exists Ko > 1 such that

V()] < Kye™™, t>0. (2.8)

The next result shows that in this case the derivative of V is also exponentially bounded.

Proposition 2.2 Suppose the trivial solution of (1.3) is exponentially stable with order «,
i.e., V satisfies (2.8). Then for any 0 < 8 < « satisfying

e’ <1 (2.9)
there exists K3 > 1 such that
V()| < Kse P, a.e. t > 0. (2.10)
Proof Rewritting (2.4) we get
V'(t) = ¢ (0)V'(t—0c(0))+ D1 f(0,0)V; + D2 f(0,0)V (¢t — 7(0)), t # ko(0),(k=0,1,...),
and hence, the definition of ¢ and M and relation (2.8) imply

V()] c|VI(t = a(0))| + M(|[Vell + [V (t — 7(0))])

<
; V' (t — 0(0))] + 2M Koe =7t £ ko(0), (k=0,1,...).
Consider a 0 < 3 < « satisfying (2.9). Multiplying both sides of the inequality by e we get
V()] < c|V'(t — (0))[e + 2M Kye= =) eft)
and therefore the function w(t) = |V'(t)|e! satisfies
w(t) < éw(t —o(0))+ K, t>0, t#ko(0), (k=0,1,...) (2.11)
with K = 2M K9e® and & = ¢e?7(©) . Tt follows from (2.9) that 0 < & < 1. Since w(t) = 0 for

t € (0,0(0)), (2.11) implies
w(t) < K, t € (0,0(0)).

But then (2.11) yields

and by induction



Consequently

which implies the statement with K3 = K ]

For simplicity of the presentation we extend ¢(t) to (—oo, —r) by ¢(t) = ¢(—r). For a
fixed solution x of the IVP (1.1)-(1.2) we introduce the following sequence of functions

ap(t) =t, a1(t) =t—o(ze), ojr1(t) =aq(ey(t)) for j=1,2,.... (2.12)

For the sake of simplicity the dependence of a; on x is omitted in the notation, but it should
always be kept in mind. It is easy to see that

Oéj(t) =t— O-(xak(t))v j = 1,2, e (213)

Assumption (H3) (i) yields that 0 < o(z¢) < r for all ¢, therefore
t—jr <o) <t for t>0 and j=0,1,.... (2.14)

It follows from (2.13) that

j—1

a;(t) =t — jo(0) — Z(J(a:ak(t)) - a(o)), j=1,2,....

k=0

Suppose 0 < t1 < tg. Then the definition of w4 implies

j—1 j—1
aglta) = a(t)] £ ta—t1+ Y |0(Eaym) — 0(0)| + D |o(@aym)) — 0(0)
k=0 k=0
j—1
< tr—ti+ 3 (@il +@allZay ) D)
k=0
< tg—t1—|—2jw4< max |:17(u)|), j=0,1,.... (2.15)
—TrsSust2

For a fixed x we introduce the simplifying notation

n(t) = _max fa(u)l.

The proof of our main result will be based on the following proposition, which follows the
idea of Proposition 2 in [13].



Proposition 2.3 Assume (H1)-(Hj). Let x be a solution of the IVP (1.1)-(1.2) satisfying
(2.3) for some T >0, and 0 < t; <ty <T. Then

t 2M 4eM
to) —x(t1)] < | 2¢+ to —t
oft2) —a(t)] < (2% 4 20— 0) + o

w4(n(t2))> nt). (216)

Proof Integrating (1.1) from t; to ¢t we get

z(t2) — z(t1) = g(z(ar(tz))) — g(z(ar(tr))) + / 2(f(fcsw”C(S —7(0))) — £(0,0)) ds,

t1

consequently (2.1) and (2.2) yield

to
|z(t2) — z(t1)] < cla(an(t2)) — z(ea(tr))] + M/ (lzsll + |z(s = 7(0))[) ds. (2.17)
t1
Let n be defined by
t
=ity = [4]. (218)
where [] is the greatest integer part function, then (2.14) yields
Oétl—nrétl—jrStg—j’f'é()éj(tz)StQ, j:0717"'7n7
and so
0<a;(t) <ty, (j=01,....n i=12), —r<on(t:)<ts, i=12 (2.19)

Applying inequality (2.17) n times gives relation

@ (ts) — ()] < c"+11x<an+1<tz>> — o(ans1(t))|

. t2
+MZC7 / N (Il + (s — 7(0))] ) ds|. (2.20)
a;(t
Therefore relations (2.19) and the definition of 1 imply
[2(t2) = 2(t)] < (20 + 20 > o (ta) — ()] ) n(t2).
j=0
Then (2.15), > 22, ¢ =X and P L jd = o Yield
alt2) — )] < (207 + 2MZcf <(t2 — 1) + j2wi(n(t2)) ) )n(t2)
=0
2M dcMwy(n(ta))
< 2cmHL to — 1 —_— .
< (C +1_C(2 1) + 0—o)p n(ta)
Hence the statement of the proposition follows from the inequality %1 —1<n< % O

Introduce the positive constant
log c
vy = ———.
r



Proposition 2.4 Assume (H1)-(Hj). Let x be a solution of the IVP (1.1)-(1.2) satisfying
(2.3) for some T > 0. Then there exists a constant Ny > 0 independent of T such that

GO < (267" + Now(n(®) (), t€[0,7) (2.21)
and
|G(t)] < 2ct max |z (u)l, t>0. (2.22)

Proof Assumption (H1) (i) and the definition of w; yield

lg(u) — g(a@) — ¢'(@)(u —a)|] < 523)1?1) |9/ (@ + s(u— 1)) — g'(a@)|Ju — al
< wi(u—a)lu—a, wicU. (2.23)
Applying Proposition 2.3 with
t; = min{t — o(xe),t — 0(0)},  ts = max{t — o(z;),t — o(0)}
and (2.23) we get
G(t)|
< |g(@(t —a(2r))) — 9(0) — g'(0)2(t — 0($t))(+ g'(0

) (= o@e) = alt = o(0)| (229)

4CMW4( (t))> 77(75)

< wnlla(t— ofen)latt - o)l +e (2 + 22 jo(en) - a(0)] + A

Since t; >t — r, we get

) < W1(77(t))77(t)+6<26trr+12Mcw4(||xt\|) ) ey

< <w1(n(t)) pacmty 5 C) 2 Moun(n(t >>) (),
which yields (2.21).
To prove (2.22) consider the obvious estimates
[G()] < lg(x(t —o(zt))) — g(0)] + cla(t — 0(0))] < el — o(xr))] + clz(t — a(0))],
which yields (2.22). 0J

We can estimate F' analogously to (2.21) and (2.22).

Proposition 2.5 Assume (H1)-(Hj). Let x be a solution of the IVP (1.1)-(1.2) satisfying
(2.3) for some T' > 0. Then there exist constants N3 > 0 and Ny > 0 independent of T' such
that

PO < (Nae™ + Nwo((®))n(t), € [0, (2.25)
and
|F(t)] < 4Mt max |z(w)], t>0. (2.26)
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Proof Assumption (H2) (i) and the definition of wy and ws yield

£ (0, u) = F(,3) = D f(, @) (¢ = $) = Daf (@) (u — @)
< sup |Duf($+ (¢ —9) i+ s(u— ) = Dif (@)l - 9

s€(0,1)

+ sup [Daof (¢ + s — ), i+ s(u— @) — Dof (¥, @)|[u — 4

s€(0,1)
< wp(max{ e = B, Ju = al}) 1 — Dl + s (max{lle = B, Ju— al} ) ju —al,
v, € C, u, i €R™

Hence, by Proposition 2.3,

[Pt < ‘f(ﬂft,w(t - T(xt))) — f(0,0) = D1f(0,0)z; — D2 f(0,0)z(t — T(iﬂt))‘
+[D2£(0,0) (a(t = 7)) ~ a(t ~ 7(0)))
wa (max{ e, o (t = (@)} ) el +ws (max{ ]l l2(t = 7(20) [} )2t = 7 (@)

+01 (267 + 2l + 22 ) ey

AT o 2t >>) 0, te[0.T),

IN

1+c¢

< <2w(77(t)) + 2MctiTT e

which implies (2.25).
Relation (2.26) follows directly from the definition of F' and (2.2). O

3 Proof of stability

In this section we give the first part of the proof of Theorem 1.1, we show the stability of the
trivial solution of (1.1), under the assumption of Theorem 1.1.

Suppose ¢ is such that ||¢]| < o, and let = be any corresponding solution. Let 7' > 0 be
such that |z(t)| < g for t € [-r,T).

Let m(t) := ﬁ] Then the variation-of-constant formula (2.7) yields

m(t)

2()] < Jy@®)] + [VEIGO)] + Y FIG(E — ko(0) |+/|V (t = 5)[|G(s)| ds

k=0
+ / WVt —s)||F(s)[ds, > 0. (3.1)
0
Combining (2.8) and (2.22) we get
[V(®)[IG(0)] < Kae™*2¢[lgll, ¢ >0. (3.2)

11



Fix a constant v such that
0< 1/8< < 1.

We need the following estimate.

Proposition 3.1 There exist positive constants N5 and Ng such that

m(t)

> G~ ko (0))] < (Nse ™8 + Now(n(e) )n(t), € [0,7]. (3.3)
k=0

Proof Using (2.21) and the definition of vy we get

m(t) (t)
> FG(E - ka(0)] < & (26_”0(t_k0(0)) + Now(n(t — ka(O))))n(t — ko (0))

3

k=0 k=0
m(t)
< (26_V0t D erhrolr=o@) 4 NGw(n(t)))n(t), te 0,7,
k=0
where Ng = % We distinguish two cases. First suppose 0(0) < r. Then
mz(t:) (r=a(0)) 1
—kvo(r—o(0
e < .
_ p—vo(r—o(0
P 1 — e—vo(r—o(0))

Now consider the case when ¢(0) = r. Then

) t t
e H—o0) — () 41 = H vt
k=0

Now select N5 > m such that

2 (E + 1> < Ngelo—#9)t t>0.
T

Then in both cases

m(t)
9¢— Vot Z e—kuo(r—J(O)) < N5€_V6t, t>0,
k=0

hence (3.3) holds. ([

Fix a constant ( such that
0<pB<a and B < 1. (3.4)

Note that the second inequality of (3.4) implies (2.9), so for such [ estimate (2.10) holds.

12



Relations (2.10) and (2.21) yield

/ V't — 5)||G(s)| ds < / Kae™B0=5) <2e"’°s + Ngw(n(s)))n(s) ds, te[0,7], (3.5)
0 0

and similarly, (2.8) and (2.25) imply

/ IV (t — )||F(s)|ds < / ng_o‘(t_s)(Nge_”OS—|—N4w(17(s))>17(s)ds, te0,T]. (3.6)
0 0

Combining (3.1) with the above etimates (3.2), (3.3), (3.5) and (3.6), and using that 5 < a,
we get

2O < Nae gl + (Nse ™8 + New(n(t) )n()
+ /0 =) (Nge™% + Now(n(s)) ) n(s) ds, ¢ € [0,T), (3.7)

where Ny = K1 4+ 2K5¢, Ng = 2K3 + KoN3 and Ng = K3Ng 4+ Ko Njy.
Define the constant
vy =1y — B

Then it follows from (3.4) that 0 < v; < vy.
Now we are ready to show the stability of the trivial solution of (1.1). Let 9 > 0 be such

that N

1
€0 < p, N6W(€0) < ﬁ 6

=2

Similarly, fix Ty > 0 such that

Nye 010 <« E and &e_ﬁTo < 1
6 %1 6

Let 0 < € < g be arbitrarily fixed, and let § = §(¢) be such that

€ 7 €
5 i < 7_ /-Y 07—).
0<d<minl{p Nle 6N,

Fix an initial function satisfying [|¢|| < 0, and let = be a corresponding solution. Then
Proposition 2.1 yields
[e(®] < N, te[0,T),

so |z(t)] < e holds for ¢ € [0, Tp).
Suppose there exists S > 0 such that |z(t)] < e for t € [0,S5), and |z(S)| = . Then
To < S <T,and (3.7) implies for t = S

s
e < N7e ™55+ <N5e_”35 + NGW(€)>€ +/ e~ B(5=9) (Nge_”os + Ngw(s)>€ds
0

< N6+ (N5€_V5TO + Nﬁw(a?(]))&
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S S
+N8€€_5S/ e_”lsds+N9w(so)ee_ﬁs/ e ds

0 0
—-11S _ 1 BS _ 1

< % + % + % + Ngae‘ﬁse_iyl + Ngw(&‘o)&?e_ﬁse 3

N, N,
< S8 es gy ME

2 g

o€

< —.
- 6

This contradiction showes that |x(¢)| < e holds for all ¢ > 0, i.e., the tivial solution of (1.1)
is stable.

4 Proof of exponential stability

Now we give the second part of the proof of Theorem 1.1, we show the exponential stability
of the trivial solution of (1.1), under the assumptions of Theorem 1.1.

From the stability of the trivial solution there exists d; > 0 so that if ||¢|| < d;, then any
corresponding solution x satisfies |z ()| < o for ¢ > 0.
Let 0 < 6 < 3 be fixed, and define

1
1/221/0—9:—%—9. (41)
Then 0 < 11 < vy < 1. Let £ be defined by
_ Ou
§) = max (¢ fx(w)). (4.2)

We will need the following variant of Proposition 2.3.

Proposition 4.1 Assume (H1)-(H4). Let x be a solution of the IVP (1.1)-(1.2) correspond-
ing to an initial function ¢ satisfying ||| < 91, 0 < t1, let t,ty € [t1,t1 + 7], and let £ be
defined by (4.2). Then

2M AMe™2"

T omvar (B2 —t1) + 2 w4(77(t2)))§(t2)' (4.3)

6 0 —
e t’f]}'(tQ) — .Z'(tl)’ S 62 T<2€ vaty + (1—7

Proof We use the notation of the proof of Proposition 2.3. Relation (2.20) implies

Ma(tz) — z(t)]

< et (et 0 ) g 1 (1) 4+ e DS ) a1 (1)

n ) a'(tz)
+MZ c’e‘% / J (HG—G(s—l—-)e@(s—l—-):EsH + e—@(S—T(O))ee(S—T(O))|$(S _ ’7’(0))|>d8 .
=0 “

j(t1)
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Since —r < apt1(t1) <tg <tsand —r <t; —(n+ 1)r <ty — (n+ 1)r < apt1(ta) < to, it

follows
a;(t2)
/ ’ =5 gs|.
aj(ty)

P la(ts) — ()] < BT IE(ty) + 2MeTE () Y
j=0

Relation (2.13) yields

—1
t—oj(ti) =ti—oj(ti) +t—t; <D o(Ta,)) + -t <jr+r,  i=12 j=0,...,n,
k=0

<

and therefore, using (2.15) and (4.1), we get

Malts) — w(t)| < 2076 (t) + 2Me (YD ILII oy () — oy (t1)[€(t2)

=0
< 2 g (1) + 2 (3 e (1 — 4 2wa(n(2))) ) (82)
§=0
oM 4Me—v2"
< 20r —vaty _ s X
< (27 g T~ )+ (e e (n(62) ) €62

O

With an application of (4.3) we generalize Propositions 2.4 and 2.5.

Proposition 4.2 Assume (H1)-(H4). Let x be a solution of the IVP (1.1)-(1.2) correspond-
ing to an initial function ¢ satisfying ||| < 61. Then there exist positive constants Nyg, N11,
Nio and Ni3 such that

GH)] < (Nroe ™ + Nnw(n(t) )€t), =0, (4.4)

and
S E(H)] < (nge_”zt n ngw(n(t)))g(t), t>0. (4.5)

Proof We proceed as in the proof of Proposition 2.4, but we use Proposition 4.1 instead of
Proposition 2.3. Consequently we get from (2.24)

MG < ew(|x(t — aze))|x(t — o ()]

ol ol 2Me™72"
+2ce? <e 2(t=r) 4 mb(xt) —o(0)] + (1 ever)2 4(77(75)))5(75)
< BTN ot — o))
M + Me™v2"
20r [ —va(t—r)
202 (e ey wa(n(t)))&(t)

< (wataner +2ee (emeon) 4 TS i) ) et
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which yields (4.4).
Similar to the proof of Propositions 2.5 we get

MEW)] < walmax{|ael, [o(t - 7(@e)[})e” 2]
tws(max{]|zel, |2(t — 7(x2))[})e” |2 (t — 7(x0))]

2Me™v2"
20r [ ,—v2(t—r) o
+2Me (e + T |7(x¢) — 7(0)] + = e_y2r)2w4(77(t)))£(t)
< w(n(t)) (He—e t+-) 9(t+.)xt” +e—@(t—T((Et))eG(t—T(It))‘x(t_T(wt))’>
M 2Me™ V2"
20r [ ,—v2(t—r)
F2ME (7207 e () + g e (00)) €0
M2 +M2e—l/27“
< Or 20r —va(t—r)
< (26 + 2Me ) £ 2= () €00,
therefore (4.5) holds. O
Now let v5 be such that
0< 1/5< < v,
and introduce the constant
Yy — _oBC
)

Then it is easy to see that 0 < 11 < 9 < v3 holds.

Proposition 4.3 Assume (H1)-(H4). Let x be a solution of the IVP (1.1)-(1.2) correspond-
ing to an initial function ¢ satisfying ||| < d1. Then there exist positive constants N4 and
Nis such that

S Fla(t — ka(0))] < <N14e_”5t + N15w(n(t)))n(t), t>0. (4.6)

Proof Using (4.4) we get

m(t)

ch 0190(0 0(t—ko(0 ’G(t - kO’( ))’

m(t)

< Y kfhol© (Nloe_”Q(t_k"(O)) + Nyjw(n(t - lm(O)))>§(t — ko(0))
k=0
m(t)
< Z e~kvso(0) <N106_V2(t_k0(0)) + an(??(t)))ﬁ(t)
k=0
m(t)
< (Nloe_m D e hlrama)o(0) 4 N15w(77(t))>77(t)7 t=0,
k=0
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The existence of N4 can be argued as in the proof of Proposition 3.1.

O

N
where N15 = ﬁiéa(m'

We will specify T7 > 0 later. We multiply both sides of (3.1) by €% and using relations
(2.8), (2.10) and (3.2) we get for t > T

m(t)
Ma(t)] < Neem @l + Y e |Gt — ka(0))]
k=0

T1 Tl
—i—eet/ K3e PU=91G(s)| ds + eet/ Kye =9 F(s)| ds
0 0
t t
+e% | Kze PU9)e0695|G(s) ds 4 €% [ Kpe 9705695 P (s)| ds.
Ty T

For s € [0,T1] we use estimates (2.22) and (2.26) combined with Proposition 2.1, so we get
G(s)] < 2eNie™|lp|| and |F(s)| < 4MN1Tlgll, s € [0, Th].

Then, using the fact that 8 < a and applying Proposition 4.2, we can find constants Nig =
Nlﬁ(Tl), Ni7 and Nig such that

T
ol < Nellgl + (NaseH 4 Nasoln(e)) ) + 00 [T e gl s

t
+e_(5_9)t/ eli=0)s <N17€_”28 + lew(ﬁ(s)))f(s) ds, — t=T.  (47)
£t

Let T7 > 0 be such that

* 1 1
Nyge 2T < g and Nyze 2T < é(ﬁ —0).

Since the trivial solution of (1.1) is stable, there exists d2 such that

S and  Nigw(n(t)) < é(ﬁ _0), >0

[N

Nisw(n(t)) <

for |||l < d2.
Let § = min(dq,d2). Then, for ||¢|| < ¢ and ¢t > T4, (4.7) yields

1 SN —0_ aon [ (5p)s
M) < Nellgll + 56() + o o + £ e (pyemto-0 / e(P=0% ds
3 B 3 -
65T1N16 2
< = >T.
< (Ve =)l 6@, 62

For ¢ € [0,T1] we use Proposition 2.1 to get

Ma(t)) < N lpll, el <.
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Therefore, if we define

then

BT |\
K = max (3 (N7 n eTw) 30T Nle%) ,

1 2
Mo(t)| < 5K el + 50, t20

is satisfied. Since N7 > 1, and therefore K > 3, and the right-hand-side is monotone
increasing in ¢, it follows (see, e.g., Lemma 2.1 in [17])

1 2
£t) < gKHw\Hgf(t), t>0,

and so
§(t) < Kllell,  t=0.
Consequently
()] < Ke "|lell,  t=>0, ol <o
This concludes the proof of Theorem 1.1.
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