Preservation of Stability in a Linear Neutral Differential Equation under Delay Perturbations

Dynamic Systems and Applications, 10 (2001) 225–242.

István Győri and Ferenc Hartung Department of Mathematics and Computing University of Veszprém H-8201 Veszprém, P.O.Box 158, Hungary

ABSTRACT: In this paper we study preservation of stability under delay perturbation in a class of linear neutral delay differential equations. AMS (MOS) subject classification. 34K20, 34K40

1. INTRODUCTION

Preservation of stability under perturbation, uncertain equations, robust stability has been studied by many authors for several classes of functional differential equations (see, e.g., [1],[3]–[6], [10],[11], [15]–[18] and [21]). Many of these papers deal with perturbation of the delays in retarded differential equations, however, to the best of our knowledge, there is no similar investigation done in this direction for neutral functional differential equations (NFDEs).

In this paper we study preservation of stability under delay perturbations of the vector NFDE d dt ( x(t) − Cx(t − τ − σ(t)) ) = m∑ i=0 A_ix(t − r_i − η_i(t)). (1.1)

We prove (see Theorem 4 below) that if the trivial solution of the “unperturbed” equation d dt ( x(t) − Cx(t − τ) ) = m∑ i=0 A_ix(t − r_i) (1.2)

is asymptotically stable, then the same remains true for the trivial solution of (1.1), assuming that the delay perturbations are “small”. This theorem extends our results of [10] and [11] where similar questions were studied for delay differential equations. As a special case of Theorem 4 we get that if lim_{t→∞} σ(t) = 0 and lim_{t→∞} η_i(t) = 0 for i = 0, . . . , m, then the asymptotic stability of the trivial solution of (1.2) implies that of Equation (1.1). This generalizes a result of Ladas et al. [14] from delay differential equations to NFDEs.

In the scalar case two standard conditions are given in the literature for the asymptotic stability of (1.2). Either |C| + m∑ i=0 |A_i|r_i < 1, m∑ i=0 A_i > 0, (1.3)

or, for m = 0,

2C(2 − C) + A_0r_0 < 3 2 , C ∈ [0, 1/2), A_0 > 0 (1.4)

implies the asymptotic stability of the trivial solution of (1.2) (see, e.g., [7] and [19], respectively, and see [2] and [20] for the generalization of these results for different classes of NFDEs). In both cases the asymptotic stability is independent of the delay τ of the neutral term of (1.2). But there are equations (see, e..g, Example 3.1 below) where the stability of (1.2) depends on τ, as well. In this paper we investigate this more general case where we perturb the delay τ, as well. This introduces considerable technical difficulties to the problem.

Section 2 contains our perturbation theorems, and in Section 3 examples and applications are given. In particular, as an application of Theorem 4 we obtain stability theorems for NFDEs with time-dependent delays.

2. MAIN RESULTS

Consider the vector neutral differential equation d dt ( x(t) − Cx(t − τ − σ(t)) ) = m∑ i=0 A_ix(t − r_i − η_i(t)), t ≥ 0 (2.1)

with initial condition x(t) = φ(t), −r ≤ t ≤ 0, (2.2) where x(·) ∈ R^q , and C, A_i ∈ R^{q×q} . Let | · | denote a fixed vector norm on R^q . The corresponding induced matrix norm will be denoted by | · |, as well. Assume

(H1) |C| < 1;

(H2) 0 < τ, 0 ≤ r_0 ≤ r_1 ≤ . . . ≤ r_m, max(τ, r_m) < r;

(H3) σ : [0, ∞) → R and η_i : [0, ∞) → R are continuous, and 0 ≤ τ + σ(t) ≤ r, 0 ≤ r_i + η_i(t) ≤ r for t ≥ 0 (i = 0, . . . , m);

(H4) φ: [−r, 0] → R^q is continuous.

We consider the corresponding unperturbed system with constant delays, i.e., d dt ( y(t) − Cy(t − τ) ) = m∑ i=0 A_iy(t − r_i), (2.3)

and we assume that

(H5) the trivial solution of (2.3) is asymptotically stable.

We can rewrite (2.1) in the form d dt ( x(t) − Cx(t − τ) − g(t) ) = m∑ i=0 A_ix(t − r_i) + f(t), (2.4)

where f(t) ≡ m∑ i=0 A_i ( x(t − r_i − η_i(t)) − x(t − r_i) ) (2.5) and g(t) ≡ C ( x(t − τ − σ(t)) − x(t − τ) ) . (2.6)

In this setting (2.4) can be considered as the homogeneous equation corresponding to (2.3). Let T > 0, x be a solution of initial value problem (IVP) (2.1)-(2.2), and y_T be the solution of the homogeneous equation d dt ( y_T (t) − Cy_T (t − τ) ) = m∑ i=0 A_iy_T (t − r_i), t ≥ T, (2.7) corresponding to the initial condition

y_T (t) = x(t), for − r ≤ t ≤ T. (2.8)

Assumption (H5) implies that lim_{t→∞} y_T (t) = 0 for any T > 0, since (2.7) is an autonomous equation. The variation-of-constants formula (see, e.g., [12]) gives the following expression for the solution of IVP (2.1)-(2.2): x(t) = y_T (t)+g(t)−V (t−T )g(T )− ∫_t T g(s) d_sV (t−s)+ ∫_t T V (t−s)f(s) ds, t ≥ T, (2.9) where V (·) ∈ R^{q×q} is the fundamental solution of (2.7), i.e., the solution of the following IVP d dt ( V (t) − CV (t − τ) ) = m∑ i=0 A_iV (t − r_i), t ≥ 0, (2.10) and V (t) = { I, t = 0, 0, t < 0. (2.11)

Here I and 0 denote the identity and the zero matrix, respectively. It is known (see, e.g., [12]) that V is absolutely continuous on the intervals (kτ, (k + 1)τ), k = 0, 1, . . ., the right- and left-sided limit of V exist at each points kτ, and V (kτ+) − V (kτ−) = C^k. Therefore (2.9) can be rewritten as

x(t) = y_T (t) − V (t − T )g(T ) + [^{t−T}_τ ]∑ k=0 C^kg(t − kτ) + ∫_t T V̇ (t − s)g(s) ds

+ ∫_t T V (t − s)f(s) ds, t ≥ T. (2.12)

It is known (see, e.g., [12]) that if (H5) holds then V tends to zero exponentially, therefore ∫_∞ 0 |V (s)| ds < ∞. But then, by the next proposition, ∫_∞ 0 |V̇ (s)| ds is finite, as well.

Proposition 1 The fundamental solution of (2.3) satisfies ∫_∞ 0 |V̇ (s)| ds ≤ ∑_m i=0 |A_i| 1 − |C| ∫_∞ 0 |V (s)| ds. Proof The statement follows from the inequality |V̇ (t)| ≤ |C||V̇ (t − τ)| + m∑ i=0 |A_i||V (t − r_i)|, a.e. t ≥ 0 by integrating it from 0 to t, changing variables, and using that V (t) = 0 and V̇ (t) = 0 for t < 0. □

For simplicity of the presentation we extend σ(t) to (−∞, 0) by σ(t) = σ(0). Introduce the following sequence of functions

α_0(t) ≡ t, α_1(t) ≡ t − τ − σ(t), α_{j+1}(t) ≡ α_1(α_j (t)) for j = 1, 2, . . . . (2.13) It is easy to see that α_j (t) = t − jτ − j−1∑ k=0 σ(α_k(t)), j = 1, 2, . . . . (2.14)

Assumption (H3) yields that 0 ≤ τ + σ(t) ≤ r for all t, therefore t − jr ≤ α_j (t) ≤ t for t ≥ 0 and j = 0, 1, . . . . In particular, if t ≥ T , and n = n(t) ≡ [ t − T r ] , (2.15) where [·] is the greatest integer part function, then for all s ≥ t T ≤ α_j(s) ≤ s, j = 0, 1, . . . , n, and T − r ≤ α_{n+1}(s) ≤ s. (2.16) Assumption (H3) implies that −τ ≤ σ(t) ≤ r − τ, hence |σ(t)| ≤ max(r − τ, τ) for t ≥ 0. Suppose |σ(t)| ≤ b, for t ≥ T (2.17) for some nonnegative constants T and b. Let T ≤ t_1 ≤ t_2, n = n(t_1) be defined by (2.15). Then it follows from (2.14) and (2.17) that |α_j(t_2) − α_j(t_1)| ≤ |t_2 − t_1| + j2b, j = 0, 1, . . . , n. (2.18) The proof of our main result will be based on the following proposition.

Proposition 2 Assume (H1)–(H4) and suppose (2.17) holds for some T ≥ 0 and 0 ≤ b ≤ r. Let x be the solution of IVP (2.1)-(2.2), and T ≤ t_1 ≤ t_2, t_2 − t_1 ≤ r. Then there exists a monotone decreasing function h : [0, ∞) → [0, ∞) satisfying lim_{u→∞} h(u) = 0, such that |x(t_2) − x(t_1)| ≤ ( 2|C|^{t1−Tr} + 1 1 − |C| m∑ i=0 |A_i||t_2 − t_1| + 2|C|b (1 − |C|)^2 m∑ i=0 |A_i| ) max T ≤u≤t_2 |x(u)| +h(t_1 − T ) · max_{T −r≤u≤T} |x(u)|. (2.19) Proof Let n = n(t_1) be defined by (2.15). Integrating (2.1) from t_1 to t_2, and applying the resulting relation n times, we get x(t_2) − x(t_1) = C ( x(α_1(t_2)) − x(α_1(t_1)) ) + m∑ i=0 A_i ∫_{t2} t_1 x(s − r_i − η_i(s)) ds

= C^{n+1} ( x(α_{n+1}(t_2)) − x(α_{n+1}(t_1)) ) + n∑ j=0 C^j m∑ i=0 A_i ∫_{αj (t2 )} α_j (t_1 ) x(s − r_i − η_i(s)) ds. Therefore relations (2.16) and T + r ≤ α_j(s) for t_1 ≤ s and j = 0, 1, . . . , n − 1 imply |x(t_2) − x(t_1)| ≤ 2|C|^{n+1} max_{T −r≤u≤t2} |x(u)| + n−1∑ j=0 |C|^j m∑ i=0 |A_i||α_j(t_2) − α_j(t_1)| max_{T ≤u≤t2} |x(u)|

+ |C|^n m∑ i=0 |A_i||α_n(t_2) − α_n(t_1)| ( max T −r≤u≤T |x(u)| + max_{T ≤u≤t2} |x(u)| ) .

Then (2.17), (2.18), ∑_∞ j=0 |C|^j =^1_{1−|C|} and ∑_∞ j=1 j|C|^j =^{|C|}_{(1−|C|)2} yield |x(t_2) − x(t_1)| ≤ 2|C|^{n+1} max_{T −r≤u≤t2} |x(u)| + n∑ j=0 |C|^j m∑ i=0 |A_i|(|t_2 − t_1| + j2b) max_{T ≤u≤t2} |x(u)|

+ |C|^n m∑ i=0 |A_i|(|t_2 − t_1| + n2b) max_{T −r≤u≤T} |x(u)|

≤ ( 2|C|^{n+1} + |C|^n m∑ i=0 |A_i|(|t_2 − t_1| + n2b) ) max T −r≤u≤T |x(u)|

+ ( 2|C|^{n+1} + 1 1 − |C| m∑ i=0 |A_i||t_2 − t_1| + 2|C|b (1 − |C|)^2 m∑ i=0 |A_i| ) max T ≤u≤t_2 |x(u)|. Hence the statement of the proposition follows from the inequality^{t1−T}_r −1 < n ≤^{t1−T}_r using the function h(u) ≡ 2|C|^{ur} + |C|^{u−rr} m∑ i=0 |A_i|(d + 2u), (2.20) where d ≥ r is selected such that h be monotone decreasing. □

Proposition 3 The solution, x, of (2.1)-(2.2) satisfies |x(t)| ≤ 1 + |C| 1 − |C| ‖φ‖ exp (∑_m i=0 |A_i| 1 − |C| t ) , t ≥ 0, where ‖φ‖ = max{|φ(t)|: t ∈ [−r, 0]}. Proof Integrating (2.1) from 0 to t and applying simple estimates we get |x(t)| ≤ |C||x(t−τ −σ(t))|+|φ(0)|+|C||φ(−τ −σ(0))|+ m∑ i=0 |A_i| ∫_t 0 |x(s−r_i −η_i(s)| ds. Therefore |x(t)| ≤ |C|w(t) + (1 + |C|)‖φ‖ + m∑ i=0 |A_i| ∫_t 0 w(s) ds, where w(t) ≡ max{|x(u)| : −r ≤ u ≤ t}. The right-hand-side is monotone in t, therefore it implies w(t) ≤ |C|w(t) + (1 + |C|)‖φ‖ + m∑ i=0 |A_i| ∫_t 0 w(s) ds, and hence w(t) ≤ 1 + |C| 1 − |C| ‖φ‖ + ∑_m i=0 |A_i| 1 − |C| ∫_t 0 w(s) ds. The statement of the proposition follows from Gronwall’s inequality. □

Theorem 4 Assume (H1)–(H5), and suppose the delay perturbations satisfy K lim_{u→∞}|σ(u)| + a 1 − |C| ∫_∞ 0 |V (s)| ds (_m ∑ i=0 |A_i| lim_{u→∞}|η_i(u)| ) < 1, (2.21)

where K ≡ (1 + |C|)|C|a (1 − |C|)^3 + (1 + |C|)|C|a (1 − |C|)^2 ∫_∞ 0 |V̇ (s)| ds + 2|C|a^2 (1 − |C|)^2 ∫_∞ 0 |V (s)| ds, a ≡ ∑_m i=0 |A_i|, and V is the fundamental solution of (2.3). Then the trivial solution of (2.1) is asymptotically stable.

Proof It follows from the assumptions that there exists δ > 0 such that K( lim_{u→∞}|σ(u)| + δ) + a 1 − |C| ∫_∞ 0 |V (s)| ds (_m ∑ i=0 |A_i|( lim_{u→∞}|η_i(u)| + δ) ) < 1, (2.22) and lim_{u→∞}|σ(u)| + δ ≤ r. The last relation follows from the inequality |σ(t)| < max(r − τ, τ) < r for t ≥ 0. To this δ we can choose T ≥ 0 such that |σ(t)| < lim_{u→∞}|σ(u)| + δ, |η_i(t)| < lim_{u→∞}|η_i(u)| + δ, for t ≥ T, i = 0, . . . , m. (2.23) Proposition 2 with b ≡ lim_{u→∞}|σ(u)| + δ ≤ r, t_2 ≡ max(t − τ − σ(t), t − τ) and t_1 ≡ min(t − τ − σ(t), t − τ) implies for t ≥ T that |g(t)| ≤ |C||x(t − τ − σ(t)) − x(t − τ)| ≤ |C|h(t_1 − T ) · max_{T −r≤u≤T} |x(u)| + ( 2|C|^{t1−Tr +1} + (1 + |C|)|C| (1 − |C|)^2 a( lim_{u→∞}|σ(u)| + δ) ) max T ≤u≤t_2 |x(u)|. For simplicity, we extend the function h to t < 0 by h(t) = h(0). Then the monotonicity of h and the inequalities t − r ≤ t_1 ≤ t_2 ≤ t imply |g(t)| ≤ |C|h(t − T − r) · max_{T −r≤u≤T} |x(u)| + ( 2|C|^{t−Tr} + (1 + |C|)|C| (1 − |C|)^2 a( lim_{u→∞}|σ(u)| + δ) ) max T ≤u≤t |x(u)| (2.24)

for t ≥ T . Similarly, |f(t)| ≤ ah(t − T − r) max_{T −r≤u≤T} |x(u)| + 2a|C|^{t−T −rr} max_{T ≤u≤t} |x(u)| + a 1 − |C| m∑ i=0 |A_i|( lim_{u→∞}|η_i(u)| + δ) max_{T ≤u≤t} |x(u)| + 2|C|a^2 (1 − |C|)^2 ( lim_{u→∞}|σ(u)| + δ) max_{T ≤u≤t} |x(u)|, t ≥ T. (2.25) Next we show that the trivial solution of (2.1) is stable. For this it is enough to show that the solution x of (2.1)-(2.2) corresponding to an initial function satisfying ‖φ‖ ≤ 1 is bounded on [0, ∞) by a constant independent of φ.

Let t ≥ T be fixed and let p = p(t) ≡ [_{t−T} τ ] . It follows from (2.12) that |x(t)| ≤ |y_T (t)| + |V (t − T )||g(T )| + p∑ k=0 |C|^k|g(t − kτ)| + ∫_t T |V̇ (t − s)||g(s)| ds + ∫_t T |V (t − s)||f(s)| ds. (2.26) We estimate the last three terms of (2.26) separately. An application of (2.24) yields p∑ k=0 |C|^k|g(t − kτ)|

≤ p∑ k=0 |C|^{k+1}h(t − kτ − T − r) · max_{T −r≤u≤T} |x(u)| + 2 p∑ k=0 |C|^{t−kτ −Tr +k} max_{T ≤u≤t} |x(u)|

+ (1 + |C|)|C| (1 − |C|)^2 a( lim_{u→∞}|σ(u)| + δ) p∑ k=0 |C|^k max T ≤u≤t−kτ |x(u)|

≤ p∑ k=0 |C|^{k+1}h(t − kτ − T − r) · max_{T −r≤u≤T} |x(u)| + 2 |C|^{t−T}r 1 − |C|^{1− τ}r max T ≤u≤t |x(u)| + (1 + |C|)|C| (1 − |C|)^3 a( lim_{u→∞}|σ(u)| + δ) max_{T ≤u≤t} |x(u)|. (2.27) To estimate the first term of (2.27) we use the definition of h given by (2.20). We have p∑ k=0 |C|^{k+1}h(t − kτ − T − r)

= 2 p∑ k=0 |C|^{t−kτ −Tr +k} + a(d + 2t − 2r − 2T ) p∑ k=0 |C|^{t−kτ −T −rr +k}

− 2aτ p∑ k=0 k|C|^{t−kτ −T −rr +k} ≤ 2 1 − |C|^{1− τ}r |C|^{t−Tr} + a(d + 2t − 2r − 2T ) 1 − |C|^{1− τ}r |C|^{t−T −rr} − 2aτ|C|^{1− τ}r (1 − |C|^{1− τ}r )^2 |C|^{t−T −rr} . Define the function h̃: [0, ∞) → [0, ∞) by h̃(u) ≡ 2 1 − |C|^{1− τ}r |C|^{ur} + a(d̃ + 2u − 2r) 1 − |C|^{1− τ}r |C|^{u−rr} − 2aτ|C|^{1− τ}r (1 − |C|^{1− τ}r )^2 |C|^{u−rr} , where d̃ ≥ d is selected so that h̃ be monotone decreasing. Then lim_{u→∞} h̃(u) = 0, and (2.27) yields p∑ k=0 |C|^k|g(t − kτ)| ≤ h̃(t − T ) · max_{T −r≤u≤T} |x(u)| + 2 |C|^{t−T}r 1 − |C|^{1− τ}r max T ≤u≤t |x(u)| + (1 + |C|)|C| (1 − |C|)^3 a( lim_{u→∞}|σ(u)| + δ) max_{T ≤u≤t} |x(u)|. (2.28) Let T < S, where S will be specified later. It follows from Proposition 3 that there exist constants X_S > 0 and G_S > 0 such that and |x(s)| ≤ X_S ‖φ‖ ≤ X_S and g(s) ≤ G_S ‖φ‖ ≤ G_S for s ≤ S. Then (2.24) implies for t ≥ S ∫_t T |V̇ (t − s)||g(s)| ds = ∫_S T |V̇ (t − s)||g(s)| ds + ∫_t S |V̇ (t − s)||g(s)| ds ≤ G_S ∫_{t−T} t−S |V̇ (s)| ds + |C|X_Sh(S − T − r) ∫_t S |V̇ (t − s)| ds + ( 2|C|^{S−Tr} + (1 + |C|)|C| (1 − |C|)^2 a( lim_{u→∞}|σ(u)| + δ) ) max T ≤u≤t |x(u)| ∫_t S |V̇ (t − s)| ds. (2.29)

Similarly, there exists F_S > 0 such that |f(s)| ≤ F_S ‖φ‖ ≤ F_S for s ≤ S. Then (2.25) implies for t ≥ S ∫_t T |V (t − s)||f(s)| ds ≤ F_S ∫_{t−T} t−S |V (s)| ds + aX_S h(S − T − r) ∫_t S |V (t − s)| ds + ( 2a|C|^{S−T −rr} + a 1 − |C| m∑ i=0 |A_i|( lim_{u→∞}|η_i(u)| + δ) + 2|C|a^2 (1 − |C|)^2 ( lim_{u→∞}|σ(u)| + δ) ) · max T ≤u≤t |x(u)| ∫_t S |V (t − s)| ds. (2.30) Combining inequalities (2.26), (2.28), (2.29) and (2.30), we get for T < S ≤ t |x(t)| ≤ |y_T (t)| + |V (t − T )||g(T )| + G_S ∫_{t−T} t−S |V̇ (s)| ds + F_S ∫_{t−T} t−S |V (s)| ds + ( h̃(S − T ) + h(S − T − r) ( |C| ∫_∞ 0 |V̇ (s)| ds + a ∫_∞ 0 |V (s)| ds )) X_S + ( 2 |C|^{S−T}r 1 − |C|^{1− τ}r + 2|C|^{S−Tr} ∫_∞ 0 |V̇ (s)| ds + 2a|C|^{S−T −rr} ∫_∞ 0 |V (s)| ds ) max T ≤u≤t |x(u)| + ( lim_{u→∞}|σ(u)| + δ) ((1 + |C|)|C|a (1 − |C|)^3 + (1 + |C|)|C|a (1 − |C|)^2 ∫_∞ 0 |V̇ (s)| ds + 2|C|a^2 (1 − |C|)^2 ∫_∞ 0 |V (s)| ds ) max T ≤u≤t |x(u)| + a 1 − |C| m∑ i=0 |A_i|( lim_{u→∞}|η_i(u)| + δ) max_{T ≤u≤t} |x(u)| ∫_∞ 0 |V (s)| ds. (2.31) Let M_δ denote the left-hand-side of inequality (2.22), and define the functions α(t) ≡ |y_T (t)| + |V (t − T )||g(T )| + G_S ∫_{t−T} t−S |V̇ (s)| ds + F_S ∫_{t−T} t−S |V (s)| ds, β(u) ≡ h̃(u − T ) + |C|h(u − T − r) ∫_∞ 0 |V̇ (s)| ds + ah(u − T − r) ∫_∞ 0 |V (s)| ds, and γ(u) ≡ 2 |C|^{u−T}r 1 − |C|^{1− τ}r + 2|C|^{u−Tr} ∫_∞ 0 |V̇ (s)| ds + 2a|C|^{u−T −rr} ∫_∞ 0 |V (s)| ds. Since lim_{u→∞} γ(u) = 0, there exists S > T such that γ(S) < (1 − M_δ )/2. With this S and the notations introduced above, (2.31) simplifies to |x(t)| ≤ α(t) + β(S)X_S + 1 + M_δ 2 max T ≤u≤t |x(u)|, t ≥ S. (2.32)

The assumptions imply that there exists a constant α_0 > 0 such that α(t) ≤ α_0 for all t ≥ 0, therefore (2.32) yields that max 0≤u≤t |x(u)| ≤ X_S + α_0 + β(S)X_S +

1 + M_δ 2 max 0≤u≤t |x(u)|, t ≥ 0, i.e., max 0≤u≤t |x(u)| ≤ 2(X_S + α_0 + β(S)X_S) 1 − M_δ , t ≥ 0. This proves that the solution corresponding to any initial function ‖φ‖ ≤ 1 is bounded, i.e., the trivial solution of (2.1) is stable. In particular, we get that the constants F_S , G_S and X_S we used above can be selected independently of S.

Finally, we show that lim_{t→∞} x(t) = 0 for any φ. We may assume that, in addition to (2.23), T satisfies |x(t)| ≤ lim_{u→∞}|x(u)| + δ, t ≥ T. (2.33) Then using that lim_{t→∞} α(t) = 0, (2.32) implies lim_{u→∞}|x(u)| ≤ β(S)X_S + 1 + M_δ 2 ( lim_{u→∞}|x(u)| + δ), therefore 0 ≤ lim_{u→∞}|x(u)| ≤ 2β(S)X_S 1 − M_δ + δ 1 + M_δ 1 − M_δ . This implies lim_{u→∞}|x(u)| = 0, since the right-hand-side can be arbitrary small, since δ and S can be chosen arbitrary small and arbitrary large, respectively. □

In the special case when the delay perturbations tend to 0, the theorem has the following corollary, which extends a result of Ladas et at. [14] for neutral equations.

Corollary 5 Assume (H1)–(H5), and

lim_{t→∞} σ(t) = 0, and lim_{t→∞} η_i(t) = 0 for i = 0, . . . , m.

Then the trivial solution of (2.1) is asymptotically stable.

Theorem 4 and Proposition 1 imply:

Corollary 6 Assume (H1)–(H5), and the delay perturbations satisfy ((1 + |C|)|C|a (1 − |C|)^3 + (3 − |C|)|C|a^2 (1 − |C|)^3 ∫_∞ 0 |V (s)| ds ) lim_{u→∞}|σ(u)| + a 1 − |C| ∫_∞ 0 |V (s)| ds (_m ∑ i=0 |A_i| lim_{u→∞}|η_i(u)| ) < 1, where a ≡ ∑_m i=0 |A_i|, and V is the fundamental solution of (2.3). Then the trivial solution of (2.1) is asymptotically stable.

Proposition 7 If the trivial solution of (2.3) is asymptotically stable, then the fundamental solution of (2.3) satisfies (_m ∑ i=0 A_i ) ∫_∞ 0 V (s) ds = −I and (I − C) ∫_∞ 0 V̇ (s) ds = −I.

Proof By integrating (2.10) from 0 to t > 0 we get V (t) − CV (t − τ) − V (0) + CV (−τ) = m∑ i=0 A_i ∫_t 0 V (s − r_i) ds. A change of variables in the integrals and the assumed initial conditions V (0) = I and V (t) = 0 for t < 0 yield V (t) − CV (t − τ) − I = m∑ i=0 A_i ∫_{t−ri} 0 V (s) ds, which implies the first statement by taking the limit t → ∞. The second relation follows from the identity ∫_T 0 V̇ (s) ds = C ∫_T 0 V̇ (s − τ) ds +^m ∑ i=0 A_i ∫_T 0 V (s − r_i) ds. □ For a special class of scalar equations the previous result gives an explicit condition for stability. Consider the scalar neutral equation d dt ( x(t) − cx(t − τ − σ(t)) ) = − m∑ i=0 a_ix(t − r_i − η_i(t)), t ≥ 0 (2.34)

and the corresponding unperturbed equation d dt ( y(t) − cy(t − τ) ) = − m∑ i=0 a_ix(t − r_i), t ≥ 0. (2.35)

Note that we used negative sign of the coefficients on the right-hand-side of the equations. If the fundamental solution of (2.35) is nonnegative, then Proposition 7 gives explicite value of the integral of the absolute value of the fundamental solution we used in our conditions before. The following result from [8] gives a condition guaranteeing the positiveness of the fundamental solution.

Proposition 8 (see Lemma 2.1 of [8]) If 0 < c < 1, a_i ≥ 0 (i = 0, . . . , m), and the characteristic equation λ(1 − ce^{−λτ} ) = − m∑ i=0 a_ie^{−λri} (2.36)

of (1.2) has a real solution, then the fundamental solution v(t) of (2.35) satisfies v(t) > 0 for t ≥ 0, lim_{t→∞} v(t) = 0, and v̇(t) ≤ 0 for a.e. t > 0.

In the next proposition a simple explicit condition is given guaranteeing the existence of a real root of (2.36).

Proposition 9 Assume 0 < c < 1, a_i ≥ 0 (i = 0, . . . , m), and ce^{τd −1} + d m∑ i=0 a_i ≤ 1 e , where d ≡ max{r_0, . . . , r_m}. (2.37)

Then the fundamental solution v(t) of (2.35) satisfies v(t) > 0 for t ≥ 0, lim_{t→∞} v(t) = 0, and v̇(t) ≤ 0 for a.e. t > 0.

Proof Let p(λ) ≡ λ(1−ce^{−λτ} )+ ∑_m i=0 a_ie^{−λri} , then p(0) > 0. For d ≡ max{r_0, . . . , r_m} we have p ( − 1 d ) ≤ − 1 d ( 1 − ce^{τd} ) + (_m ∑ i=0 a_i ) e. Hence, if (2.37) holds, then the characteristic equation (2.36) has a root in the interval [−1/d, 0). Therefore Proposition 8 implies the statement. □

Theorem 4, Propositions 7 and 9 imply immediately the next result.

Corollary 10 Assume

(i) 0 < c < 1, a_i ≥ 0 (i = 0, . . . , m),

(ii) ce^{τd −1} + d m∑ i=0 a_i ≤ 1 e , where d ≡ max{r_0, . . . , r_m},

(iii) 4c m∑ i=0 a_i (1 − c)^3 lim_{u→∞}|σ(u)| + 1 1 − c m∑ i=0 a_i lim_{u→∞}|η_i(u)| < 1. Then the trivial solution of (2.34) is asymptotically stable.

3. APPLICATIONS

In the case when ∫_∞ 0 |v(t)| ds and ∫_∞ 0 |v̇(t)| ds can not be computed analytically the condition of Theorem 4 can be checked numerically, since it is easy to obtain good numerical approximations of these integrals. The next example illustrates this case.

Example 3.1 Consider the NFDE d dt ( x(t) − 0.5x(t − 2.4 − σ(t)) ) = −x(t − 1 − η(t)), t ≥ 0, (3.1) and its “unperturbed” equation d dt ( y(t) − 0.5y(t − 2.4) ) = −y(t − 1), t ≥ 0. (3.2)

We computed the numerical approximation of the fundamental solution v of (3.2) using the following numerical scheme introduced in [9] and [13]:

z(n + 1) = z(n) − 0.5z(n + 1 − [2.4/h]) + 0.5z(n − [2.4/h]) − 0.5hz(n − [1/h]), n ≥ 0 z(0) = 1, z(n) = 0, n < 0, where h is the stepsize of the numerical approximation, [·] is the greatest integer function, and z(n) is the numerical approximation of the value of the fundamental solution at the mesh point nh. Figure 1 contains the corresponding result for h = 0.01. We can observe from this graph that the trivial solution of (3.2) is asymptotically stable. Note that numerical studies show that the asymptotic stability of (3.2) is lost if we increase the delay 2.4 of the neutral term to 3.3 or decrease it to 1. Therefore in this example the stability of the trivial solution of the equation depends on the delay of the neutral term.

We define a sequence w(n) by the same definition as z(n), except that w(0) = 0. Then this sequence approximates the left-sided limit of the value of the fundamental solution at mesh points. Using this two sequences and the trapesoidal-rule, we approximated ∫_∞ 0 |v(t)| ds ≈ h 2 N∑ i=0 (|z(i)| + |w(i + 1)|), where N is sufficiently large. We got ∫_∞ 0 |v(t)| ds ≈ 3.0306077. Define the sequences z^′(n) and w^′(n) by z^′(n) = −0.5z^′(n − [2.4/h]) − z(n − [1/h]), n ≥ 0, z^′(n) = 0, n < 0 and w^′(n) = −0.5w^′(n − [2.4/h]) − w(n − [1/h]), n ≥ 0, w^′(n) = 0, n < 0, respectively. Then z^′(n) and w^′(n) approximate the right- and the left-sided derivatives of v at the mesh point nh. Then, similarly to the approximation of ∫_∞ 0 |v(t)| ds, we can get, using the sequences z^′(n) and w^′(n), that ∫_∞ 0 |v̇(t)| ds ≈ 3.9210814. Then Theorem 4 yields that if the delay perturbations σ and η satisfy

29.885675 · lim_{t→∞}|σ(t)| + 6.0612154 · lim_{t→∞}|η(t)| < 1,

then the trivial solution of (3.1) is asymptotically stable. Figure 2 contains the numerical approximation of (3.1) corresponding to the initial function of the fundamental solution and to delay perturbations σ(t) = 0.1 sin(5t) and η(t) = 0.4 + 3/(t + 1).

Figure 1: v(t) Figure 2: x(t) σ(t) = 0.01 sin(6t), η(t) = 0.1 + 3/(t + 1)

As an application of the results of the previous section we present stability theorems for the scalar NFDE d dt ( x(t) − cx(t − σ(t)) ) = − m∑ i=0 a_ix(t − η_i(t)), t ≥ 0, (3.3) where 0 ≤ σ(t) ≤ r and 0 ≤ η_i(t) ≤ r (i = 0, . . . , m) for t ≥ 0. Suppose 0 < c < 1, ∑_m i=0 a_i > 0, let 1 < α <^1_c be arbitrary, and define τ ≡ (1 − αc) ln α ∑_m i=0 a_i . Then λ ≡^− ∑_m i=0 a_i 1−αc < 0 is a root of the equation λ(1 − ce^{−λτ} ) = − m∑ i=0 a_i, therefore, by Proposition 8, the trivial solution of the neutral equation d dt ( y(t) − cy(t − τ) ) = − (_m ∑ i=0 a_i ) y(t) (3.4)

is asymptotically stable, and its fundamental solution, v, is positive and v̇(t) ≤ 0 for t ≥ 0. Then if we consider (3.3) as the delay perturbed equation of (3.4), we get the following result.

Proposition 2 Assume

(i) 0 < c < 1, ∑_m i=0 a_i > 0, 1 < α <^1_c ,

(ii) 4c (1 − c)^3 (_m ∑ i=0 a_i ) lim_{u→∞} | | | |σ(u) − (1 − αc) ln α ∑_m i=0 a_i | | | | + 1 1 − c m∑ i=0 a_i lim_{u→∞}η_i(u) < 1.

Then the trivial solution of (3.3) is asymptotically stable.

Finally we compare the stability of (3.3) to that of the equation d dt ( x(t) − cx(t − τ) ) = − (_m ∑ i=0 a_i ) x(t − d), t ≥ 0. (3.5) Corollary 10 implies immediately:

Corollary 3 Assume

(i) 0 < c < 1, a_i ≥ 0 (i = 0, . . . , m),

(ii) ce^{τd −1} + d m∑ i=0 a_i ≤ 1 e ,

(iii) 4c m∑ i=0 a_i (1 − c)^3 lim_{u→∞}|σ(u) − τ| + 1 1 − c m∑ i=0 a_i lim_{u→∞}|η_i(u) − d| < 1. Then the trivial solution of (3.3) is asymptotically stable.

Example 3.4 Consider the NFDE d dt ( x(t) − 0.5x(t − 0.05) ) = −0.5x(t − r), t ≥ 0. (3.6) For τ = 0.05 and d = 0.25 condition (ii) of Corollary 3 is satisfied. Therefore condition (iii) of the same corollary yields that if |r − 0.25| < 1 then (3.6) is asymptotically stable. This holds, e.g., for r = 1, as well, but the asymptotic stability of (3.6) in this case does not follow from conditions (1.3) or (1.4).

ACKNOWLEDGEMENT

This research was partially supported by Hungarian National Foundation for Scientific Research Grant No. T031935 and Janos Bolyai Research Grant of the Hungarian Academy of Sciences.

REFERENCES

[1] B. R. Barmish and Z. Shi, Robust stability of perturbed systems with time delays, Automatica, Vol. 25, No. 3 (1989) pp. 371–381.

[2] M. Bartha, On stability properties for neutral differential equations with statedependent delays, Diff. Eqns. Dyn. Systems., Vol. 7, No. 2 (1999) pp. 197–220.

[3] L. Berezansky and E. Braverman, Preservation of the exponential stability under perturbations of linear delay impulsive differential equations, J. for Analysis and its Appl., Vol. 14, No. 1 (1995) pp. 157–174.

[4] E. Cheres, Z. J. Palmor, and S. Gutman, Qualitative measures of robustness for systems including delayed perturbations, IEEE Trans. Automat. Contr., Vol. 34 (1989) pp. 1203–1204.

[5] R. D. Driver, Ordinary and Delay Differential Equations, Springer-Verlag, New York, 1977.

[6] M. Fu, A. W. Olbrot and M. P. Polis, Robust stability for time-delay systems:

The edge theorem and graphical tests, IEEE Trans. Automat. Contr., Vol. 34, No. 8 (1989) pp. 813–820.

[7] K. Gopalsamy, Stability and oscillation in delay differential equations of population dynamics, Kluwer Academic Publishers, Boston, 1992.

[8] I. Győri, Global attractivity in delay differential equations using a mixed monotone technique, J. Math. Anal. Appl., Vol. 152, No. 1 (1990) pp. 131–155.

[9] I. Győri, On approximation of the solutions of delay differential equations by using piecewise constant arguments, Internat. J. of Math. & Math. Sci., Vol. 14, No. 1 (1991) pp. 111–126.

[10] I. Győri, F. Hartung, Stability in delay perturbed differential and difference equations, to appear in Topics in Functional Differential and Difference Equations, Eds. T. Faria and P. Freitas, Fields Institute Communications, American Mathematical Society.

[11] I. Győri, F. Hartung and J. Turi, Preservation of Stability in Delay Equations under Delay Perturbations, J. Math. Anal. Appl., Vol. 220 (1998) pp. 290–312.

[12] J. K. Hale and S. M. Verduyn Lunel, Introduction to Functional Differential Equations, Spingler-Verlag, New York, 1993.

[13] F. Hartung, T. L. Herdman, and J. Turi, On existence, uniqueness and numerical approximation for neutral equations with state-dependent delays, Appl. Num. Math., Vol. 24, No. 2-3 (1997) pp. 393–409.

[14] G. Ladas, Y. G. Sficas, and I. P. Stavroulakis, Asymptotic behavior of solutions of retarded differential equations. Proc. Amer. Math. Soc., Vol. 88 (1983) pp. 247–253.

[15] A. Stokes, Stability of functional differential equations with perturbed lags, J.

Math. Anal. Appl., Vol. 47 (1974) pp. 604–619.

[16] T.J. Su, I.K. Fong, T.S. Kuo and Y.Y. Sun, Robust stability for linear time-delay systems with linear parameter perturbations, Int. J. Systems Sci., Vol. 19, No. 10 (1988) pp. 2123–2129.

[17] T.J. Su and C.G. Huang, Robust stability of delay dependence for linear uncertain systems, IEEE Trans. Automat. Contr., Vol. 37, No. 10 (1992) pp. 1656– 1659.

[18] Y. Z. Tsypkin and M. Fu, Robust stability of time-delay system with an uncertain time-delay constant, Int. J. Control, Vol. 57 (1993) 865–879.

[19] J. S. Yu, Asymptotic stability for nonautonomous scalar neutral differential euqations, J. Math. Anal. Appl., Vol. 203 (1996) pp. 850–860.

[20] J. S. Yu, Asymptotic stability for a class of nonautonomous scalar neutral differential euqations, Chin. Ann. of Math., Vol. 18B (1997) 449–456.

[21] D-N. Zhang, M. Saeki, and K. Ando, Stability margin calculation of systems with structured time-delay uncertainties, IEEE Trans. Automat. Contr., Vol. 37 (1992) pp. 865–868.