Numerical Approximation of Neutral Differential Equations on Infinite Interval

J. Difference Eqns Appl., 8:11 (2002) 983-999.

István Győri and Ferenc Hartung Department of Mathematics and Computing

University of Veszprém H-8201 Veszprém, P.O.Box 158, Hungary gyori@almos.vein.hu and hartung@szt.vein.hu

This paper is dedicated to Professor Allan C. Peterson on the occasion of his 60th birthday.

Abstract In this paper we study numerical approximation of linear neutral differential equations on infinite interval using equations with piecewise constant arguments. As an application of our approximation results, we obtain stability theorems for some classes of linear delay and neutral difference equations.

AMS(MOS) subject classification: 34K05, 39A11

1 Introduction

There are several well-known results for both ordinary and delay differential equations which guarantee that the distance between a solution of the original and a related solution of the approximating one goes to zero uniformly on any compact time interval if the stepsize goes to zero. It is very rare the uniform approximation is proved on a halfline, for instance on [0, ∞).

In this paper one of our main goals is to find the uniform numerical approximation on [0, ∞) of the solutions of the neutral delay differential equation d dt ( x(t) − cx(t − σ) ) = m∑ i=0 a_ix(t − τ_i), t ≥ 0, (1.1) This research was partially supported by Hungarian National Foundation for Scientific Research Grant No. T031935.

via the solution of the approximating equation d dt ( y_h(t) − cy_h(t − [σ]_h) ) = m∑ i=0 a_iy_h([t]_h − [τ_i]_h), t ≥ 0. (1.2)

Here c ∈ [0, 1), σ > 0, a_i ∈ R, τ_i ∈ [0, ∞), 0 ≤ i ≤ m, h > 0 is the stepsize,

[t]_h = [ t h ] h, where [·] denotes the greatest integer function.

Our approximating equation is a so-called equation with piecewise constant arguments (EPCA). This kind of equation was first introduced and studied by Cooke and Wiener in [2] and [3]. For further developments see [4] and [21]. EPCAs were used to generate numerical approximation schemes for linear delay and neutral differential equations with constant delays in [6] and [1], and later these schemes were extended to nonlinear delay and neutral differential equations with state-dependent delays in [9] and [13], respectively. Several variants of these schemes were used to generate numerical algorithms for parameter estimation problems in [12], [14] and [15].

In our main result (see Theorem 2.6 in Section 2) we prove that if the zero solution of Equation (1.1) is asymptotically stable, or equivalently, all the solutions of (1.1) tend to zero as t → ∞, then the solutions of (1.2) uniformly approximate those of (1.1) on [0, ∞).

From the proof of our main result it follows the existence of a constant depending on the parameters of Equation (1.1)

h_0 = h_0(c, σ, a_0, . . . , a_m, τ_0, . . . , τ_m) > 0 (1.3)

such that for any h ∈ (0, h_0) the difference between the related solutions of Equations (1.1) and (1.2), respectively, goes to zero exponentially as t → ∞. From this it is clear that when the zero solution of (1.1) is exponentially stable and h ∈ (0, h_0), then all solution of (1.2) tend to zero as t → ∞.

Our second main goal in this paper is to give a method which allows us to reformulate well-known stability results from the theory of delay and neutral differential equations to discrete delay and neutral difference equations without repeating the proofs of the continuous case (see Theorem 3.1 in Section 3). We just remark that in several cases it is not self-evident how to convert some results from the continuous case to the discrete one. Our approach is based on the above mentioned main result and on the fact (see the begining of Section 2 of this paper) that Equation (1.2) is equivalent to a discrete difference equation.

Throughout this paper r > 0 is fixed, and C will be the Banach-space of continuous functions [−r, 0] → R with the norm ‖ψ‖ = max{|ψ(s)| : −r ≤ s ≤ 0}. The set of positive and nonnegative integers is denoted by N and N_0 , respectively, the set of integers is denoted by Z. The forward difference of a sequence u(n) is defined as Δu(n) = u(n + 1) − u(n).

2 Approximation of linear neutral equations

Consider the linear neutral differential equation d dt ( x(t) − cx(t − σ) ) = m∑ i=0 a_ix(t − τ_i), t ≥ 0, (2.1) together with the initial condition x(t) = φ(t), t ∈ [−r, 0]. (2.2) (H1) |c| < 1, a_i ∈ R, τ_i ∈ [0, ∞), (i = 0, . . . , m), r ≡ max(σ, τ_0, . . . , τ_m),

(H2) φ ∈ C,

(H3) There exists K ≥ 1 and α > 0 such that for any initial function φ the corresponding solution of initial value problem (IVP) (2.1)-(2.2) satisfies |x(t)| ≤ Ke^{−αt}‖φ‖, t ≥ 0, i.e., the trivial solution of (2.1) is exponentially stable.

We may (and do) assume that α in (H3) is selected so small that (H4) |c|e^{ασ} < 1 holds.

Fix 0 < h < σ, and to IVP (2.1)-(2.2) we associate the EPCA d dt ( y_h(t) − cy_h(t − [σ]_h) ) = m∑ i=0 a_iy_h([t]_h − [τ_i]_h), t ≥ 0, (2.3)

and the initial condition y_h(t) = φ_h(t), (2.4) where φ_h is the linear interpolate of φ using the mesh points −r, −jh, −(j−1)h, . . . , 0, j ≡ [r/h]. Then ‖φ − φ_h‖ → 0 as h → 0+.

It is easy to show by the method of steps (see also [6]) that the solution of IVP (2.3)-(2.4) is a continuous function, which is linear between the mesh points nh.

Integrating (2.3) from nh to t and taking the limit t → (n + 1)h− we get for n ∈ N_0 y_h((n + 1)h) − cy_h((n + 1)h − [σ]_h) − y_h(nh) + cy_h(nh − [σ]_h) = h m∑ i=0 a_iy_h(nh − [τ_i]_h).

Therefore the sequence u(n) = y_h(nh) satisfies the neutral difference equation Δ ( u(n) − cu(n − [σ/h]) ) = h m∑ i=0 a_iu(n − [τ_i/h]), n ∈ N_0 . (2.5)

This equation together with the initial condition u(n) = φ(nh), n ∈ Z, nh ≥ −r (2.6) can be solved recursively. This sequence determines the solution of IVP (2.3)-(2.4) uniquely. Therefore IVPs (2.3)-(2.4) and (2.5)-(2.6) are equivalent in many sense, but, as we shall see later, instead of studying the discrete equation it is more convenient to study the continuous equation (2.3) and use the tools of the differential equations in out proofs.

We recall the following result from [6], which yields that the solutions of IVP (2.3)- (2.4) approximate the solution of (2.1)-(2.2) uniformly on compact time intervals as h → 0+.

Theorem 2.1 Assume (H1)–(H2). Then for any T > 0

lim_{h→0+} max −r≤t≤T |x(t) − y_h(t)| = 0.

We show that under the additional assumption (H3) this result can be extended for the interval [−r, ∞).

Introduce the function η_h(t) ≡ x(t) − y_h(t), t ≥ −r. (2.7) Clearly, d dt ( η_h(t) − cη_h(t − σ) − g_h(t) ) = m∑ i=0 a_iη_h(t − τ_i) + f_h(t), t ≥ 0, (2.8)

where g_h(t) ≡ c ( y_h(t − σ) − y_h(t − [σ]_h) ) (2.9) and f_h(t) = m∑ i=0 a_i ( y_h(t − τ_i) − y_h([t]_h − [τ_i]_h) ) . (2.10)

Let v be the fundamental solution of (2.1), i.e., the solution of the IVP d dt ( v(t) − cv(t − σ) ) = m∑ i=0 a_iv(t − τ_i), t ≥ 0, (2.11) v(t) = { 1, t = 0, 0, t ∈ [−r, 0). (2.12) It is known (see, e.g., [11]) that (H3) implies that there exists K_0 ≥ 0 such that |v(t)| ≤ K_0e^{−αt}, t ≥ 0. (2.13)

Remark 2.2 It is easy to check by the method of steps that v is continuously differentiable on the intervals (kσ, (k + 1)σ), (k = 0, 1, . . . ,), and it has jumps v(kσ+) − v(kσ−) = c^k (k = 0, 1, . . . ,). Relation (2.13) implies the next result.

Lemma 2.3 Assume (H1)–(H4). Then there exists K̃_0 ≥ 0 such that |v̇(t)| ≤ K̃_0e^{−αt}, t > 0, t ≠ kσ, (k ∈ N). Proof We have for t > 0, t ≠ kσ v̇(t) = cv̇(t − σ) + m∑ i=0 a_iv(t − τ_i), therefore |v̇(t)| ≤ |c||v̇(t − σ)| + Ae^{−αt}, t > 0, t ≠ kσ, (2.14) where A = K_0 m∑ i=0 |a_i|e^{ατi} . Since v̇(t − σ) = 0 for t ∈ (0, σ), we have |v̇(t)| ≤ Ae^{−αt}, t ∈ (0, σ). Hence (2.14) yields |v̇(t)| ≤ (|c|e^{ασ} + 1)Ae^{−αt}, t ∈ (σ, 2σ), and, in general, |v̇(t)| ≤ (|c|^ke^{kασ} + · · · + |c|e^{ασ} + 1)Ae^{−αt}, t ∈ (kσ, (k + 1)σ), so the statement of the lemma follows with K̃_0 = A/(1 − |c|e^{ασ}). □

We introduce the following notations:

ω(u) = max{|x(s_2) − x(s_1)|: −r ≤ s_1 < s_2 ≤ 2r, s_2 − s_1 ≤ u}, (2.15) and z_h(t) = max_{−r≤u≤t} e^{αu}|η_h(u)|, t ≥ −r. (2.16) With this notations we can estimate the difference of function values of y_h, which will be essential later.

Lemma 2.4 Suppose (H1)–(H4), and let η_h and z_h be defined by (2.7) and (2.16), respectively. Then for any 0 < h < σ and 0 ≤ t_1 < t_2 such that t_2 − t_1 ≤ r any solution y_h of IVP (2.3)-(2.4) satisfies |y_h(t_2) − y_h(t_1)| ≤ |c|^{t1σ} ( e^{−α(t2 −t1−σ)}z_h(t_2 − t_1) + ‖φ − φ_h‖ + ω(t_2 − t_1) )

+ ∑_m i=0 |a_i| 1 − |c|e^{ασ} (t_2 − t_1)e^{−α(t1 −r−h)}(z_h(t_2) + K‖φ‖). Proof Let l ≡ [t_1/[σ]_h]. Then t_1 − (l + 1)[σ]_h < 0 ≤ t_1 − l[σ]_h. Therefore

y_h(t_2) − y_h(t_1) = c ( y_h(t_2 − [σ]_h) − y_h(t_1 − [σ]_h) ) + m∑ i=0 a_i ∫_{t2} t_1

y_h([s]_h − [τ_i]_h) ds

= c^{l+1} ( y_h(t_2 − (l + 1)[σ]_h) − y_h(t_1 − (l + 1)[σ]_h) )

+ l∑ k=0 c^k m∑ i=0 a_i ∫_{t2−k[σ]h} t_1−k[σ]_h y_h([s]_h − [τ_i]_h) ds.

Thus, using the definition of η_h,

|y_h(t_2) − y_h(t_1)| ≤ |c|^{l+1} | |ηh(t2 − (l + 1)[σ]h) − ηh(t1 − (l + 1)[σ]h) | | + |c|^{l+1} | | |x(t2 − (l + 1)[σ]h) − x(t1 − (l + 1)[σ]h) | | | + l∑ k=0 |c|^k m∑ i=0 |a_i| ∫_{t2−k[σ]h} t_1−k[σ]_h |η_h([s]_h − [τ_i]_h)| ds

+ l∑ k=0 |c|^k m∑ i=0 |a_i| ∫_{t2−k[σ]h} t_1−k[σ]_h |x([s]_h − [τ_i]_h)| ds.

Hence, relations l +1 ≥ t_1/σ, t_2 −t_1 −σ ≤ t_2 −(l +1)[σ]_h ≤ t_2 −t_1, t_1 −(l +1)[σ]_h ≤ 0, |x(t)| ≤ Ke^{−αt}‖φ‖ for t ≥ −r, assumption (H4), and the definition of z_h imply |y_h(t_2) − y_h(t_1)| ≤ |c|^{t1σ} ( e^{−α(t2 −(l+1)[σ]h)}z_h(t_2 − (l + 1)[σ]_h) + ‖φ − φ_h‖ + ω(t_2 − t_1) )

+ l∑ k=0 |c|^k m∑ i=0 |a_i| ∫_{t2−k[σ]h} t_1−k[σ]_h e^{α([s]h−[τi]h)}|η_h([s]_h − [τ_i]_h)|e^{−α([s]h−[τi]h)} ds

+ l∑ k=0 |c|^k m∑ i=0 |a_i|Ke^{−α(t1 −kσ−h−r)}‖φ‖(t_2 − t_1) ≤ |c|^{t1σ} ( e^{−α(t2 −t1−σ)}z_h(t_2 − t_1) + ‖φ − φ_h‖ + ω(t_2 − t_1) )

+ z_h(t_2)e^{αr} m∑ i=0 |a_i| l∑ k=0 |c|^k ∫_{t2−k[σ]h} t_1−k[σ]_h e^{−α(s−h)} ds + K‖φ‖ ∑_m i=0 |a_i| 1 − |c|e^{ασ} e^{−α(t1−h−r)}(t_2 − t_1). This implies the statement of the lemma using the estimates l∑ k=0 |c|^k ∫_{t2−k[σ]h} t_1−k[σ]_h e^{−αs} ds = l∑ k=0 |c|^k e^{−α(t1 −k[σ]h)} − e^{−α(t2 −k[σ]h)} α ≤ e^{−αt1} − e^{−αt2} α l∑ k=0 |c|^ke^{kασ} ≤ e^{−αt1} (t_2 − t_1) 1 − |c|e^{ασ} . □ Lemma 2.4 has the following immediate consequences.

Lemma 2.5 Suppose (H1)–(H4), 0 < h < σ. Then there exist nonnegative constants A_1, A_2, B_1, B_2 such that |g_h(t)| ≤ A_1|c|^{tσ} (z_h(h) + ‖φ − φ_h‖ + ω(h)) + A_2e^{−α(t−h)}(z_h(t) + ‖φ‖)h, t ≥ σ, and |f_h(t)| ≤ B_1|c|^{tσ} (z_h(h) + ‖φ − φ_h‖ + ω(2h)) + B_2e^{−α(t−2h)}(z_h(t) + ‖φ‖)h, t ≥ r.

Now we are ready to prove our main theorem.

Theorem 2.6 Assume (H1)–(H4), and let x be the solution of (2.1)-(2.2), and for any 0 < h < σ let y_h be the solution of the corresponding IVP (2.3)-(2.4). Then lim_{h→0+} max −r≤t<∞ |x(t) − y_h(t)| = 0. Proof Fix T ≥ r. Let X_{h,T} be the solution of (2.1) for t ≥ T , corresponding to the initial function X_{h,T} (t) = x(t) − y_h(t), t ∈ [T − r, T ]. Then the variation of constant formula (see, e.g., [11] for the general case, and see [8] for this special case of one delay in the neutral term) yields

η_h(t) = X_{h,T} (t) − v(t − T )g_h(T ) + [^{t−T}_σ ]∑ k=0 c^kg_h(t − kσ) + ∫_t T v̇(t − s)g_h(s) ds + ∫_t T v(t − s)f_h(s) ds. (2.17) Since X_{h,T} is a solution of the homogeneous equation (2.1), there exist K ≥ 1 such that |X_{h,T} (t)| ≤ Ke^{−α(t−T )} max_{T −r≤u≤T} |x(u) − y_h(u)|, t ≥ T. Therefore |X_{h,T} (t)| ≤ Ke^{−α(t−T )} max_{T −r≤u≤T} |e^{αu}η_h(u)e^{−αu}| ≤ Ke^{−α(t−T )}z_h(T )e^{−α(T −r)}, t ≥ T. (2.18) Let s = [_{t−T} σ ] . Then s∑ k=0 |c|^k|g_h(t − kσ)| ≤ s∑ k=0 |c|^k ( A_1|c|^{t−kσσ} (z_h(h) + ‖φ − φ_h‖ + ω(h)) + A_2e^{−α(t−kσ−h)}(z_h(t − kσ) + ‖φ‖)h ) ≤ A_1(z_h(h) + ‖φ − φ_h‖ + ω(h))|c|^{tσ} (s + 1) + A_2e^{−α(t−h)}(z_h(t) + ‖φ‖)h m∑ k=0 |c|^ke^{kασ}, ≤ A_1(z_h(h) + ‖φ − φ_h‖ + ω(h))|c|^{tσ} t − T + σ σ + A_2 1 − |c|e^{ασ} e^{−α(t−h)}(z_h(t) + ‖φ‖)h. (2.19)

Therefore it follows from (2.13), (2.17), (2.18), (2.19), and Lemma 2.3 for t ≥ T |η_h(t)| ≤ Ke^{−α(t−r)}z_h(T ) + K_0e^{−α(t−T )}|g_h(T )| + A_1(z_h(h) + ‖φ − φ_h‖ + ω(h))|c|^{tσ} t − T + σ σ + A_2 1 − |c|e^{ασ} e^{−α(t−h)}(z_h(t) + ‖φ‖)h + ∫_t T K̃_0e^{−α(t−s)}A_1|c|^sσ (z_h(h) + ‖φ − φ_h‖ + ω(h)) ds + ∫_t T K̃_0e^{−α(t−s)}A_2e^{−α(s−h)}(z_h(s) + ‖φ‖)h ds + ∫_t T K_0e^{−α(t−s)}B_1|c|^{sσ} (z_h(h) + ‖φ − φ_h‖ + ω(2h)) ds + ∫_t T K_0e^{−α(t−s)}B_2e^{−α(s−2h)}(z_h(s) + ‖φ‖)h ds. We define the constants C_h = z_h(h) + ‖φ − φ_h‖ + ω(2h), β = −α − log |c| σ . Assumption (H4) yields β > 0. Multiplying both sides of the last inequality by e^{αt} gives e^{αt}|η_h(t)| ≤ Ke^{αr}z_h(T ) + K_0e^{αT} |g_h(T )| + A_1C_h σ e^{−βt}(t − T + σ) + A_2 1 − |c|e^{ασ} e^{αh}(z_h(t) + ‖φ‖)h + ∫_t T K̃_0(A_1C_he^{−βs} + A_2e^{αh}(z_h(s) + ‖φ‖)h) ds + ∫_t T K_0(B_1C_he^{−βs} + B_2e^{α2h}(z_h(s) + ‖φ‖)h) ds.

We introduce M_T = max{e^{−βt}(t − T + σ): t ≥ T }, A_{h,T} = Ke^{αr}z_h(T ) + K_0e^{αT} |g_h(T )| + A_1C_hM_T σ + A_2 1 − |c|e^{ασ} e^{αh}‖φ‖h + K̃_0A_1C_h β + K_0B_1C_h β , D_1 =

A_2 1 − |c|e^{ασ} e^{ασ} , D_2 = (K̃_0A_2 + K_0B_2)e^{α2σ} .

Then e^{αt}|η_h(t)| ≤ A_{h,T} + D_1z_h(t)h + ∫_t T D_2(z_h(s) + ‖φ‖)h ds, t ≥ T, which implies, using the monotonicity of the right-hand-side in t and z_h(t) ≤ A_{h,T} for t ≤ T , that

z_h(t) ≤ A_{h,T} + D_1z_h(t)h + ∫_t T D_2(z_h(s) + ‖φ‖)h ds, t ≥ T, and hence, for h < 1/D_1, we get z(t) ≤ A_{h,T} 1 − hD_1 + D_2h 1 − hD_1 (t − T )‖φ‖ + D_2h 1 − hD_1 ∫_t T z_h(s) ds, t ≥ T. Gronwall’s inequality implies z(t) ≤ ( A_{h,T} 1 − hD_1 + D_2h 1 − hD_1 (t − T )‖φ‖ ) e^{D2h1−hD}1^{(t−T )}, so |x(t) − y_h(t)| ≤ e^{−αt}z_h(t) ≤ ( A_{h,T} 1 − hD_1 + D_2h 1 − hD_1 (t − T )‖φ‖ ) e^− ( α−^{D2h} 1−hD1 ) t−^{D2T h} 1−hD1 . Therefore |x(t) − y_h(t)| ≤ F_h(t), t ≥ 0, 0 < h < h_1, where 0 < h_1 < min(σ, 1/D_1), and F_h(t) = (M_1(h) + M_2‖φ‖ht)e^{−(α−M2h)t}, M_1(h) = A_{h,T} 1 − hD_1 − D_2h 1 − hD_1 T ‖φ‖, M_2 =

D_2 1 − h_1D_1 . Let 0 < h < h_0 < min(h_1, α/M_2). The function F_h has the maximum at

t^∗ = 1 α − M_2h − M_1(h) M_2‖φ‖h . Therefore if t^∗ > 0, then

F_h(t) ≤ F_h(t^∗) = M_2‖φ‖h α − M_2h e^{−(α−M2h)t∗} .

On the other hand, if t^∗ ≤ 0, then F_h(t) ≤ F_h(0) for t ≥ 0. Therefore

F_h(t) ≤ max ( M_1(h), M_2‖φ‖h α − M_2h ) , t ≥ 0. This concludes the proof, since

lim_{h→0+} M_1(h) = 0,

using the definition of A_{h,T} and Theorem 2.1. □

The following estimate is the immediate consequence of the proof of this theorem.

Corollary 2.7 Assume (H1)–(H4), and let x be the solution of (2.1)-(2.2), and for any 0 < h < σ let y_h be the solution of the corresponding IVP (2.3)-(2.4). Then there exist a function M_1 : (0, σ) → [0, ∞) satisfying lim_{h→0+} M_1(h) = 0, and constants M_2 ≥ 0 and 0 < h_0 < σ such that |x(t) − y_h(t)| ≤ (M_1(h) + M_2‖φ‖ht)e^{−(α−M2h)t}, t ≥ 0, 0 < h < h_0.

3 Stability of difference equations

Stability of several classes of difference equations has been studied extensively in the recent literature. Without completeness, we refer to [1], [5], [10], [16], [17], [19] and [20]. In [7] we obtained stability results for difference delay equations rewriting them in an equivalent form as an EPCA and applying our earlier stability results for differential delay equations.

Here we use a similar approach, but, as an application of the previous section, we use Corollary 2.7 together with known stability conditions for delay and neutral differential equations. First consider the abstract version of this approach.

Consider the neutral differential equation d dt ( x(t) − cx(t − σ) ) = − m∑ i=0 a_ix(t − τ_i), t ≥ 0. (3.1) We say that the parameter set S is a stability region to (3.1), if for any parameters (c, σ, a_0, . . . , a_m, τ_0, . . . , τ_m) ∈ S all the solutions of the corresponding Equation (3.1) tend to zero as t → ∞.

For any h > 0 we define the set

S_h = { (c, s, α_0, . . . , α_m, l_0, . . . , l_m) ∈ (−1, 1) × N_0 × R^{m+1} × N^{m+1}_0 : s = [σ h ] , α_i = a_ih, l_i = [τ_i h ] , i = 0, . . . , m, where (c, σ, a_0, . . . , a_m, τ_0, . . . , τ_m) ∈ S } . (3.2) Theorem 3.1 For any (c, σ, a_0, . . . , a_m, τ_0, . . . , τ_m) ∈ S there exists a constant h_0 = h_0(c, σ, a_0, . . . , a_m, τ_0, . . . , τ_m) > 0 such that any solution of the difference equation Δ ( u(n) − cu(n − s) ) = m∑ i=0 α_iu(n − l_i), n ∈ N_0 (3.3)

tends to zero as n → ∞, if (c, s, α_0, . . . , α_m, l_0, . . . , l_m) ∈ S_h and 0 < h < h_0. Proof Let (c, σ, a_0, . . . , a_m, τ_0, . . . , τ_m) ∈ S, and h_0 be the constant defined by Corollary 2.7. We associate EPCA d dt ( y_h(t) − cy_h(t − [σ]_h) ) = m∑ i=0 a_iy_h([t]_h − [τ_i]_h), t ≥ 0 (3.4)

to (3.1). Fix any 0 < h < h_0, and let α_i = a_ih, s = [_σ h ] , and l_i = [_{τi} h ] . Then (c, s, α_0, . . . , α_m, l_1, . . . , l_m) ∈ S_h. Integrating both sides of (3.4) from nh to (n + 1)h we get y_h((n+1)h)−cy_h((n+1−s)h)−y_h(nh)+cy_h((n−s)h) = − m∑ i=0 α_iy_h((n−l_i)h), n ∈ N. Therefore u(n) = y_h(nh). On the other hand, Corollary 2.7 yields lim_{t→∞} |y_h(t)| ≤ lim_{t→∞}(|x(t)| + |x(t) − y_h(t)|) = 0, hence the trivial solution of (3.4) is asymptotically stable, which proves the theorem. □ Next we give an application of this result for delay equations.

Theorem 3.2 Suppose a_i ≥ 0, l_i ∈ N_0 (i = 0, . . . , m), and 0 < m∑ i=0 a_il_i < π 2 . (3.5)

Then there exists k_0 ∈ N such that for every k ≥ k_0 the trivial solution of Δu(n) = − m∑ i=0 a_i k u(n − l_ik), n ≥ 0 (3.6) is asymptotically stable.

Proof Consider the delay equation ẋ(t) = − m∑ i=0 a_ix(t − l_i), t ≥ 0. (3.7) Our assumption (3.5) and a result of Krisztin (see [18]) imply that the trivial solution of (3.7) is asymptotically stable. Then Theorem 3.1 implies the statement of this theorem using discretization parameters of the form h = 1/k. □

In the next two theorems we apply conditions which imply asymptotic stability of the trivial solution of neutral differential equations independently of the delay in the neutral term. In this case we can get conditions for some associated neutral difference equations which are also independent from the delay in the neutral term.

Theorem 3.3 Suppose c ∈ R, s ∈ N, a_i ∈ R, l_i ∈ N_0 (i = 0, . . . , m), and |c| + m∑ i=0 |a_i|l_i < 1, and m∑ i=0 a_i > 0. (3.8)

Then there exists k_0 ∈ N such that for every k ≥ k_0 the trivial solution of Δ ( u(n) − cu(n − s) ) = − m∑ i=0 a_i k u(n − l_ik), n ≥ 0 (3.9) is asymptotically stable.

Proof Consider the scalar neutral equation d dt ( x(t) − cx(t − s/k) ) = − m∑ i=0 a_ix(t − l_i), t ≥ 0. (3.10)

Then a result from [5] yields that the trivial solution of (3.10) is asymptotically stable. Then the proof follows from Theorem 3.1 with h = 1/k. □

Another stability condition (see [22]) gives the next result.

Theorem 3.4 Suppose c ∈ [0, 1/2), s ∈ N, a ≥ 0, l ∈ N_0 , and 2c(2 − c) + al < 3 2 . (3.11)

Then there exists k_0 ∈ N such that for every k ≥ k_0 the trivial solution of Δ ( u(n) − cu(n − s) ) = − a k u(n − lk), n ≥ 0 (3.12) is asymptotically stable.

References

[1] K. L. Cooke and I. Győri, Numerical approximation of the solutions of delay differential equations on an infinite interval using piecewise constant arguments, Comput. Math. Appl., 28:1–3 (1994) 81–92.

[2] K. L. Cooke and J. Wiener, Retarded differential equations with piecewise constant delays, J. Math. Anal. Appl., 99 (1984) 265–297.

[3] K. L. Cooke and J. Wiener, Stability regions for linear equations with piecewise continuous delays,Comput. Math. Appl. Ser. A 12:6 (1986), 695–701.

[4] K. L. Cooke and J. Wiener, A survey of differential equations with piecewise continuous arguments, in Delay Differential Equations and Dynamical Systems, eds. S. Busenberg and M. Martelli (Lecture Notes in Math. 1475, Springer- Verlag, Berlin, 1991, 1–15.

[5] K. Gopalsamy, Stability and oscillation in delay differential equations of population dynamics, Kluwer Academic Publishers, Boston, 1992.

[6] I. Győri, On approximation of the solutions of delay differential equations by using piecewise constant arguments, Internat. J. of Math. & Math. Sci., 14:1 111-126 (1991).

[7] I. Győri and F. Hartung, Stability in delay perturbed differential and difference equations, In Topics in Functional Differential and Difference Equations, Fields Institute Communications, 29 (2001) 181–194.

[8] I. Győri and F. Hartung, Preservation of stability in a linear neutral differential equation under delay perturbation, Dynam. Systems Appl., 10:2 (2001) 225–242.

[9] I. Győri, F. Hartung and J. Turi, Numerical approximations for a class of differential equations with time- and state-dependent delays, Applied Math. Letters, 8:6 (1995) 19–24.

[10] I. Győri and M. Pituk, Asymptotic stability in a linear delay difference equation, in Advances in Difference Equations, Proceedings of the Second International Conference on Difference Equations, eds. S. Elaydi, I. Győri and G. Ladas, Gordon and Breach Science Publishers, Amsterdam, 1997.

[11] J. K. Hale and S. M. Verduyn Lunel, Introduction to Functional Differential Equations, Springer-Verlag, New York, 1993.

[12] F. Hartung, T. L. Herdman and J. Turi, Identifications of parameters in hereditary systems: a numerical study, Proceedings of the 3rd IEEE Mediterranean Symposium on New Directions in Control and Automation, Cyprus, July 1995, 291–298.

[13] F. Hartung, T. L. Herdman, and J. Turi, On existence, uniqueness and numerical approximation for neutral equations with state-dependent delays, Appl. Numer. Math. 24 (1997) 393–409.

[14] F. Hartung, T. L. Herdman, and J. Turi, Parameter identification in classes of hereditary systems of neutral type, Appl. Math. Comput., 89:1-3 (1998) 147–160.

[15] F. Hartung and J. Turi, Identification of Parameters in Delay Equations with State-Dependent Delays, Nonlinear Anal. Ser. A: Theory Methods, 29:11 (1997) 1303–1318.

[16] V. L. Kocic and G. Ladas, Global Behavior of Nonlinear Difference Equations of Higher Order with Applications, Kluwer Academic Publishers, 1993.

[17] I. Kovácsvölgyi, The asymptotic stability of difference equations, Appl. Math.

Letters, 13 (2000) 1–6.

[18] T. Krisztin, Stability for functional-differential equations and some variational problems, Tohoku Math. J. 42:3 (1990) 407–417.

[19] G. Ladas, C. Qian, P. N. Vlahos, and J. Yan, Stability of solutions of linear nonautonomous difference equations, Appl. Anal., 41 (1991) 183–191.

[20] R. Ogita, H. Matsunaga, and T. Hara, Asymptotic stability condition for a class of linear delay difference equations of higher order, J. Math. Anal. Appl., 248 (2000) 83–96.

[21] J. Wiener, Generalized solutions of functional differential equations, World Scientific, Singapore, 1993.

[22] J. S. Yu, Asymptotic stability for nonautonomous scalar neutral differential euqations, J. Math. Anal. Appl., 203 (1996) 850–860.

[23] J. S. Yu, Asymptotic stability for a class of nonautonomous scalar neutral differential euqations, Chin. Ann. of Math., 18B (1997) 449–456.