Nonlinear Funct. Anal. & Appl., Vol. 7, No. 3 (2002), pp. 329–351.

ON EQUI-STABILITY WITH RESPECT TO PARAMETERS IN FUNCTIONAL DIFFERENTIAL EQUATIONS

István Győri and Ferenc Hartung

Abstract. In this paper we study stability of certain delay differential equations through equi-stability of a corresponding family of more simple delay differential equations. We apply our method to formulate stability theorems for explicit and implicit (threshold-type) state-dependent delay differential equations.

1. Introduction

In this paper we show that stability (including asymptotic and exponential stability) properties of certain classes of delay equations can be obtained by investigating the same type of equi-stability of some more simple associated differential equations. We present this general comparison principle in Section 3. Our main interest in this paper is to apply this method for state-dependent delay equations. In this case we can reduce the stability investigation of such equations to studying stability properties of equations with delays which are state-independent, but which depend on a parameter (a function in our case). We note that this approach was motivated by papers [3] and [8].

One of our major tool in this direction will be the results of Section 2, where we study preservation of exponential stability of linear delay differential systems under perturbing the coefficient function and the delay function. We will show that if a trivial solution of a linear delay equation is exponentially stable, then there always exists a certain “neighborhood” of the parameters such that any equation corresponding to parameters from this “neighborhood”

Received . Revised .

2000 Mathematics Subject Classification: 34K20, 34D10.

Key words and phrases: stability, delay perturbations, state-dependent delays. This research was partially supported by Hungarian National Foundation for Scientific Research Grant No. T031935 and Janos Bolyai Research Grant of the Hungarian Academy of Sciences.

has an exponentially equi-stable trivial solution. Stability of delay perturbed differential equations has been studied by several papers (see, e.g., [2], [5], [19]), but not in the context of equi-stability. The results of Section 2 will extend some of our earlier works in this direction [9], [11].

Section 4 will contain applications of the results of the comparison principle of Section 3 and the perturbation results of Section 2. Inspired by some earlier results given for linear equations in the papers [14] and [20] and for state-dependent equations in [8] we prove some similar, sometimes more general stability results for nonlinear equations. It is worth to note that our method works for threshold-type differential equations, as well. To the best of our knowledge our approach is original in the stability investigation of such equations.

2. Perturbation Results

First we introduce some basic notations used throughout this paper: a positive integer n and r > 0 are fixed. Let A = (a_{ij} ) and B = (b_{ij} ) be matrices of the same dimension. By the notation A ≤ B we mean that relation a_{ij} ≤ b_{ij} holds for all i and j, and by max(A, B) we denote a matrix with the ij-th component max(a_{ij} , b_{ij} ). Let | · | denote a fixed vector norm on R^n such that the corresponding induced matrix norm on R^{n×n} (which is denoted by | · |, as well) is monotone, i.e., it satisfies |A| ≤ |B| for matrices 0 ≤ A ≤ B, and |A| = | max(A, −A)|. For example the | · |_1 or | · |_∞ norms satisfy these properties. We denote the space of continuous functions ψ : [−r, 0] → R^n equipped with the supremum norm ‖ψ‖ ≡ max{|ψ(t)|: t ∈ [−r, 0]} by C, and the identically zero function of C by 0. For a function x : [−r, ∞) → R we define x_t : [−r, 0] → R^n , x_t(s) ≡ x(t + s) for t ≥ 0 and −r ≤ s ≤ 0.

Consider the linear delay systems ẋ(t) = A(t)x(t − σ(t)), t ≥ 0 (2.1) and ẏ(t) = B(t)y(t − η(t)), t ≥ 0, (2.2) with the respective initial conditions x(t) = φ(t), t ∈ [−r, 0] (2.3) and y(t) = φ(t), t ∈ [−r, 0]. (2.4) Throughout this paper φ ∈ C, and we assume

(H1) A, B : [0, ∞) → R^{n×n} are continuous functions;

(H2) the delay functions σ, η : [0, ∞) → R are continuous, and 0 ≤ σ(t) ≤ γ(t) and 0 ≤ η(t) ≤ γ(t), t ≥ 0 for some continuous γ : [0, ∞) → R satisfying 0 ≤ γ(t) ≤ t + r and lim_{t→∞} t − γ(t) > 0. The solution of (2.1) corresponding to the initial time 0 and the initial function φ is denoted by x(t; φ). If we want to emphasize that the solution corresponds to the coefficient A and the delay σ we use the more detailed notation x(t; φ, A, σ). The trivial solution (i.e., x = 0) of the linear equation (2.1) is exponentially stable with order α > 0, if there exists a constant K_α ≥ 1 such that the solution of (2.1) corresponding to initial function φ satisfies |x(t; φ)| ≤ K_αe^{−αt}‖φ‖, t ≥ 0. (2.5) We will consider B and η to be fixed such that the trivial solution of (2.2) be exponentially stable. Equation (2.1) is considered as a perturbed equation of (2.2), i.e., we assume that A and σ are “close” to B and η, respectively. We will show in Theorem 2.2 that if the perturbations are “small enough”, then the exponential stability of (2.2) is preserved for (2.1).

Preservation of stability under delay perturbation has been studied, e.g., in [2], [5], [11] and [19]. In these papers it was assumed that the delays and the coefficients are bounded. We relax this condition in this section. Our Theorem 2.2 extends the results of [11] using the approach of [8]. Note that it was shown in [2] that there always exists a “neighborhood” of B and η inside which the exponential stability is preserved, but the proof gives only the existence of such a “neighborhood”, not the size of it. We will define the “neighborhood” explicitly. Moreover, in Theorem 2.3 we define such a “neighborhood”, inside which the exponential stability of the corresponding equation is uniform with respect to the parameters, i.e., the constants K_α and α in the definition of the exponential stability can be selected independently of the parameters. This is the result we will need in Section 4.

In the proof of our main theorem we need the following estimate which can be proved easily by using Gronwall’s inequality (see, e.g., Lemma 2.1 in [8]).

Lemma 2.1. Assume (H1) and (H2). Then the solution x of the initial value problem (2.1)-(2.3) satisfies |x(t)| ≤ e^{∫ t0 |A(s)| ds}‖φ‖ (2.6) for all t ≥ 0.

Next we prove the main result of this section.

Theorem 2.2. Assume (H1) and (H2), and the trivial solution of (2.2) is exponentially stable with order α > 0. Then for any 0 < β < α there exists ε > 0 such that if

lim_{t→∞} ( |A(t) − B(t)|e^{βγ(t)} + |B(t)|e^{βγ(t)} | | | | | ∫_{t−η(t)} t−σ(t) |B(s)|e^{βγ(s)} ds | | | | | ) < ε, (2.7)

then the trivial solution of the corresponding equation (2.1) is exponentially stable with order β, i.e., there exists K_β ≥ 1 such that |x(t; φ)| ≤ K_β e^{−βt}‖φ‖, t ≥ 0. (2.8) Proof. We can rewrite (2.1) in the form ẋ(t) = B(t)x(t − η(t)) + f(t), where f(t) ≡ A(t)x(t − σ(t)) − B(t)x(t − η(t)). Let V be the fundamental solution of (2.2), i.e., the matrix valued solution of the initial value problem ∂V ∂t (t, s) = B(t)V (t − η(t), s), t ≥ s, V (t, s) = { I, t = s, 0, t < s, where I and 0 is the identity and the zero matrix, respectively. Then the variation-of-constants formula (see, e.g., [13]) implies

x(t) = y(t) + ∫_t 0 V (t, s)f(s) ds, t ≥ 0. (2.9) It is known (see, e.g., [13]) that the assumed exponential stability with order α of the trivial solution of (2.2) implies that there exist constants α > 0, K_α ≥ 1 and K̃_α ≥ 1 such that y and V satisfy |y(t; φ)| ≤ K_αe^{−αt}‖φ‖, and |V (t, s)| ≤ K̃_αe^{−α(t−s)} for t ≥ s. (2.10)

Therefore we get from (2.9) for any t_1 > 0 that |x(t)| ≤ |y(t)| + ∫_t 0 |V (t, s)||f(s)| ds (2.11)

≤ K_αe^{−αt}‖φ‖ + K̃_αe^{−αt} ∫_{t1} 0 e^{αs}|f(s)|ds, t ∈ [0, t_1] K_αe^{−αt}‖φ‖ + K̃_αe^{−αt} (∫_{t1} 0 e^{αs}|f(s)|ds + ∫_t t_1 e αs|f(s)|ds ) , t > t_1. Let 0 < β < α be fixed, ε ≡ α − β K̃_α , (2.12) and let A and σ be such that (2.7) holds. We introduce the simplifying notation d ≡ lim_{t→∞} ( |A(t) − B(t)|e^{βγ(t)} + |B(t)|e^{βγ(t)} | | | | ∫_{t−η(t)} t−σ(t) |B(s)|e^{βγ(s)} ds | | | | ) , and let δ > 0 be such that d+δ < ε, and let t_1 > 0 be such that the inequalities t − σ(t) ≥ 0, t − η(t) ≥ 0, t ≥ t_1 (2.13) and |A(t)−B(t)|e^{βγ(t)}+|B(t)|e^{βγ(t)} | | | | ∫_{t−η(t)} t−σ(t) |B(s)|e^{βγ(s)}ds | | | | < d+δ, t ≥ t_1 (2.14)

hold. Let t > t_1. Then (2.11) and the definition of f yield |x(t)| ≤ K_αe^{−αt}‖φ‖ + K̃_αe^{−αt} ∫_{t1} 0 e^{αs}(|A(s)||x(s − σ(s))| + |B(s)||x(s − η(s))|) ds + K̃_αe^{−αt} ∫_t t_1 e^{αs}|A(s) − B(s)||x(t − σ(s))| ds + K̃_αe^{−αt} ∫_t t_1 |B(s)||x(s − σ(s)) − x(s − η(s))| ds. (2.15) The first integral of the right-hand-side of (2.15) can be estimated using Lemma 2.1 as K̃_αe^{−αt} ∫_{t1} 0 e^{αs}(|A(s)||x(s − σ(s))| + |B(s)||x(s − η(s))|)ds ≤ Ce^{−αt}‖φ‖, (2.16) where C is defined by C ≡ K̃_α ( max s∈[0,t_1] |A(s)|e^{∫ t10 |A(s)| ds} + max_{s∈[0,t1]} |B(s)|e^{∫ t10 |B(s)| ds} )

× e^{αt1} − 1 α . (2.17)

We have x(s − η(s)) − x(s − σ(s)) = ∫_{s−η(s)} s−σ(s) ẋ(u) du for s ≥ t1 by (2.13).

Therefore the third integral of the right-hand-side of (2.15) can be rewritten as K̃_αe^{−αt} ∫_t t_1 |B(s)||x(s − σ(s)) − x(s − η(s))| ds = K̃_αe^{−αt} ∫_t t_1 e^{αs}|B(s)| | | | | ∫_{s−η(s)} s−σ(s) ẋ(u) du | | | | ds

≤ K̃_αe^{−αt} ∫_t t_1 e^{αs}|B(s)| | | | | ∫_{s−η(s)} s−σ(s) |A(u)||x(u − σ(u))| du | | | | ds. (2.18)

Multiplying both sides of (2.15) by e^{βt}, using the estimates (2.16) and (2.18), and introducing z(t) ≡ e^{βt}|x(t)| we get for t > t_1 z(t) ≤ (K_α + C)‖φ‖ + K̃_αe^{−αt+βt} ∫_t t_1 e^{αs}|A(s) − B(s)|z(s − σ(s))e^{−β(s−σ(s))}ds + K̃_αe^{−αt+βt} ∫_t t_1 e^{αs}|B(s)| | | | | ∫_{s−η(s)} s−σ(s) |B(u)|z(u−σ(u))e^{−β(u−σ(u))}du | | | | ds ≤ (K_α + C)‖φ‖ + K̃_αe^{−(α−β)t} max_{−r≤u≤t} z(u) ∫_t t_1 e^{(α−β)s}|A(s) − B(s)|e^{βσ(s)}ds + K̃_αe^{−(α−β)t} max_{−r≤u≤t} z(u) (2.19) × ∫_t t_1 e^{(α−β)s}|B(s)| | | | | ∫_{s−η(s)} s−σ(s) |B(u)|e^{−β(u−s−σ(u))}du | | | | ds. Suppose η(s) ≤ σ(s). Then −σ(s) ≤ u − s ≤ −η(s) for u ∈ [s − σ(s), s − η(s)], and so s − u ≤ σ(s). In the case when σ(s) ≤ η(s) relation s − u ≤ η(s) follows similarly for u ∈ [s − η(s), s − σ(s)], hence in both cases s − u ≤ γ(s). Therefore (2.19) and (2.14) imply z(t) ≤ (K_α + C)‖φ‖ + K̃_αe^{−(α−β)t} max_{−r≤u≤t} z(u) ∫_t t_1 e^{(α−β)s}|A(s) − B(s)|e^{βγ(s)} ds + K̃_αe^{−(α−β)t} × max −r≤u≤t z(u) ∫_t t_1 e^{(α−β)s}|B(s)| | | | | | ∫_{s−η(s)} s−σ(s) |B(u)|e^{β(γ(s)+γ(u))} du | | | | | ds ≤ (K_α + C)‖φ‖ + K̃_αe^{−(α−β)t} max_{−r≤u≤t} z(u)(d + δ) ∫_t t_1 e^{(α−β)s} ds = (K_α + C)‖φ‖ + K̃_αe^{−(α−β)t} max_{−r≤u≤t} z(u)(d + δ) e^{(α−β)t} − e^{(α−β)t1} α − β ≤ (K_α + C)‖φ‖ + d + δ ε max −r≤u≤t z(u). (2.20)

It is easily follows from (2.11) that (2.20) holds for t ∈ [0, t_1], as well. Since the right-hand-side of (2.20) is monotone in t, and z(t) = e^{βt}|φ(t)| ≤ ‖φ‖ ≤ K_α‖φ‖ for t ≤ 0, therefore (2.20) yields max −r≤u≤t z(u) ≤ (K_α + C)‖φ‖ + d + δ ε max −r≤u≤t z(u), and hence z(t) ≤ max_{−r≤u≤t} z(u) ≤ K_β ‖φ‖, where K_β ≡ K_α + C 1 −^{d+δ}_ε . (2.21)

This implies that |x(t)| ≤ K_β e^{−βt}‖φ‖ for t ≥ 0. □ Next we give conditions when the constant K_β in (2.8) is independent of the selection of the coefficient matrix A and the delay σ satisfying (2.7), i.e., the trivial solution of (2.1) is exponentially equi-stable with respect to A and σ satisfying (2.7) (see the formal definition in Section 3 below). Theorem 2.3. Assume (H1) and (H2), and the trivial solution of (2.2) is exponentially stable with the order α > 0. Let K̃_α be such that the fundamental solution V of (2.2) satisfies |V (t, s)| ≤ K̃_αe^{−α(t−s)} for t ≥ s, and let 0 < β < α be fixed. Suppose the functions Γ^+, Γ^− : [0, ∞) → R^{n×n} and Δ^+, Δ^− : [0, ∞) → R are such that

0 ≤ Γ^+(t), 0 ≤ Γ^−(t), 0 ≤ Δ^−(t) ≤ η(t), 0 ≤ Δ^+(t) ≤ γ(t) − η(t) (2.22)

for t ≥ 0, and lim_{t→∞} ( | max(Γ^+(t), Γ^−(t))|e^{βγ(t)} + |B(t)|e^{βγ(t)} ∫_{t−η(t)+Δ}−_{(t)} t−η(t)−Δ^+(t) |B(s)|e^{βγ(s)}ds )

< α − β K̃_α . (2.23)

Suppose the parameters A : [0, ∞) → R^{n×n} and σ : [0, ∞) → R belong to the set Π ≡ { (A, σ): B(t) − Γ^−(t) ≤ A(t) ≤ B(t) + Γ^+(t) and

η(t) − Δ^−(t) ≤ σ(t) ≤ η(t) + Δ^+(t) for t ≥ 0 } . (2.24)

Then there exists K_β ≥ 1 such that |x(t; φ, A, σ)| ≤ K_β e^{−βt}‖φ‖, t ≥ 0, (A, σ) ∈ Π, i.e., for any (A, σ) ∈ Π the trivial solution of the corresponding equation (2.1) is exponentially stable with order β, and the constant K_β is independent of the parameters (A, σ) ∈ Π.

Proof. If (A, σ) ∈ Π then σ satisfies (H2). We denote ij-th element of the matrices A(t), B(t), Γ^+(t) and Γ^−(t) by a_{ij} (t), b_{ij} (t), γ^+_{ij} (t) and γ^−_{ij} (t), respectively. The definition of Π yields that |a_{ij} (t)−b_{ij}(t)| ≤ max(γ^+_{ij} (t), γ^−_{ij} (t)) for all i and j, therefore the assumed properties of the matrix norm implies |A(t) − B(t)| ≤ | max(Γ^+(t), Γ^−(t))| for all t ≥ 0. Therefore we have |A(t) − B(t)|e^{βγ(t)} + |B(t)|e^{βγ(t)} | | | | ∫_{t−η(t)} t−σ(t) |B(s)|e^{βγ(s)} ds | | | | (2.25)

≤ | max(Γ^+(t), Γ^−(t))|e^{βγ(t)} + |B(t)|e^{βγ(t)} ∫_{t−η(t)+Δ}−_{(t)} t−η(t)−Δ^+(t) |B(s)|e^{βγ(s)}ds, which, together with (2.12) and (2.23), implies that A and σ satisfy (2.7). Therefore the constant K_β defined by (2.21) in the proof of Theorem 2.2 satisfies (2.8). We have to show that K_β can be defined independently of the particular choice of (A, σ) ∈ Π. For this (see (2.21) and (2.17)) it is enough to prove that C can be selected independently of (A, σ) ∈ Π. In view of the inequality |A(t)| ≤ |B(t)| + | max(Γ^+(t), Γ^−(t))| (t ≥ 0) and (2.17), we have to show only that t_1 can be independent of A and σ. We recall that t_1 is defined by inequalities (2.13) and (2.14). Assumption (H2) yields that t − σ(t) ≥ t − γ(t) and t − η(t) ≥ t − γ(t) for t ≥ 0, therefore t_1 can be chosen so that (2.13) be satisfied for any selection of the delays. It follows from (2.25) that t_1 can be such that (2.14) holds for any (A, σ) ∈ Π, which completes the proof of this theorem. □

Remark 2.4. It is easy to see that the function

Δ_ε(t) (2.26) ≡ { 1, |B(t)| = 0, min ( 1,^ε 3|B(t)|e^{βγ(t)} max{|B(s)|e^{βγ(s)}: s∈[t−η(t)−1,t−η(t)+1]} ) , |B(t)| ≠ 0 satisfies lim_{t→∞} |B(t)|e^{βγ(t)} ∫_{t−η(t)+Δε(t)} t−η(t)−Δ_ε(t) |B(s)|e^{βγ(s)} ds < ε. Therefore if the trivial solution of (2.2) is exponentially stable, there always exists a “neighborhood” of (B, η) of the form (2.24) such that the trivial solution of (2.1) corresponding to coefficient A and delay σ from this neighborhood is exponentially stable, as well.

Corollary 2.5. If the delay functions are bounded, i.e., γ in (H2) is γ(t) ≡ r, then the statement of Theorem 2.3 remains valid when condition (2.23) is replaced by

lim_{t→∞} ( | max(Γ^+(t), Γ^−(t))|e^{βr} + e^{2βr}|B(t)| ∫_{t−η(t)+Δ}−_{(t)} t−η(t)−Δ^+(t) |B(s)|ds ) < α − β K̃_α . If, in addition, |B(t)| ≤ b_0 for t ≥ 0, then Γ^+, Γ^−, Δ^+ and Δ^− can be selected as Γ^+(t) = Γ^−(t) = Γ is a componentwise nonnegative constant matrix, Δ^+(t) = Δ^−(t) = Δ is a nonnegative constant satisfying

|Γ|e^{βr} + 2Δb^2_0e^{2βr} < α − β K̃_α . (2.27)

We note that if |Γ| + 2Δb^2_0 < α K̃_α , then relation (2.27) holds, as well, for some 0 < β < α.

The results of this section can be immediately generalized to linear equations of the form

ẋ(t) = m∑ k=1 A_k(t)x(t − σ_k(t)), t ≥ 0, (2.28)

where the functions A_k and σ_k satisfy conditions (H1) and (H2), respectively, for all k = 1, . . . , m with bounds γ_k. We formulate the generalization of Theorem 2.3 for this equation. Theorem 2.2 can be stated similarly. Theorem 2.6. Assume B_k and η_k satisfy conditions (H1) and (H2) with γ_k, respectively, and suppose the trivial solution of

ẋ(t) = m∑ k=1 B_k(t)x(t − η_k(t)), t ≥ 0 (2.29)

is exponentially stable with the order α. Let K̃_α be such that the fundamental solution V of (2.29) satisfies |V (t, s)| ≤ K̃_αe^{−α(t−s)} for t ≥ s, let 0 < β < α be fixed. Suppose the functions Γ^+_k , Γ^−_k : [0, ∞) → R^{n×n} and Δ^+_k , Δ^−_k : [0, ∞) → R are such that

0 ≤ Γ^+_k (t), 0 ≤ Γ^−_k (t), 0 ≤ Δ^−_k (t) ≤ η_k(t), 0 ≤ Δ^+_k (t) ≤ γ_k(t) − η_k(t) for t ≥ 0, k = 1, . . . , m, and lim_{t→∞} (_m∑ k=1 | max(Γ^+_k (t), Γ^−_k (t))|e^{βγk(t)}

+ m∑ k=1 |B_k(t)|e^{βγk(t)} ∫_{t−ηk(t)+Δ}−_{k (t)} t−η_k(t)−Δ^+_k (t) |B_k(s)|e^{βγk(s)} ds ) < α − β K̃_α . Define the parameter set Π ≡ { (A_1, . . . , A_m, σ_1, . . . , σ_m) : B_k(t) − Γ^−_k (t) ≤ A_k(t) ≤ B_k(t) + Γ^+_k (t) and η_k(t) − Δ^−_k (t) ≤ σ_k(t) ≤ η_k(t) + Δ^+_k (t) for t ≥ 0, k = 1, . . . , m } . Then there exists K_β ≥ 1 such that |x(t; φ, A_1, . . . , A_m, σ_1, . . . , σ_m)| ≤ K_β e^{−βt}‖φ‖, for t ≥ 0, (A_1, . . . , A_m, σ_1, . . . , σ_m) ∈ Π.

3. Equi-Stability with respect to a Set of Parameters

In Section 2 we studied a linear delay equation where we considered the coefficient and the delay function as parameters in the equation. In Theorem 2.3 we gave conditions when the solution tends to zero exponentially, and when the constants in the exponential estimate can be selected independently of the particular choice of the parameters. In this section we study this “independence from the parameters” in a more general form. We introduce the notion of equi-stability with respect to a set of parameters, and then prove our comparison principle for a certain class of functional differential equations. Consider ẏ(t) = g(t, y_t, p), t ≥ 0 (3.1) with initial condition y(t) = φ(t), t ∈ [−r, 0], (3.2) where g : [0, ∞) × Ω × U → R^n , Ω ⊂ C including the zero function 0, the parameter p belongs to a certain parameter set U, and g(t, 0, p) = 0 for all t ≥ 0 and p ∈ U. Note that in the applications we will show in Section 4 and in the next theorem the set U will be a subset of a function space, but for the sake of the following definitions U can be an arbitrary set without any structure in it. A solution of (3.1)–(3.2) corresponding to initial function φ and parameter p ∈ U is denoted by y(t) = y(t; φ, p).

We say that the trivial (y = 0) solution of (3.1)–(3.2) is equi-stable with respect to U, if for any ε > 0 there exists δ = δ(ε) > 0 such that |y(t; φ, p)| < ε for any t ≥ 0, ‖φ‖ < δ and p ∈ U. We say that the trivial solution of (3.1)– (3.2) is asymptotically equi-stable with respect to U, if it is equi-stable with respect to U, and there exists θ > 0 that lim_{t→∞} y(t; φ, p) = 0 for ‖φ‖ < θ and p ∈ U. We say that the trivial solution of (3.1)–(3.2) is exponentially equi-stable with respect to U, if for any ε > 0 there exist δ = δ(ε) > 0, K = K(ε) ≥ 1 and α = α(ε) > 0 such that |y(t; φ, p)| < Ke^{−αt}‖φ‖ for any t ≥ 0, ‖φ‖ < δ and p ∈ U. Consider the functional differential equation ẋ(t) = f(t, x_t, x_t), t ≥ 0, (3.3) with initial condition x(t) = φ(t), t ∈ [−r, 0], (3.4) where

(A) f : [0, ∞) × Ω_1 × Ω_2 → R^n is continuous, Ω_1 and Ω_2 are open subsets of C both containing the identically zero function 0, and f(t, 0, u) = 0 for t ∈ [0, ∞) and u ∈ Ω_2.

Let ϱ > 0 be fixed, and S(ϱ) denote the set of continuous functions u : [−r, ∞) → R^n satisfying |u(t)| ≤ ϱ for t ≥ −r. Suppose ϱ is small enough to satisfy S(ϱ) ⊂ Ω_2, and fix a function u ∈ S(ϱ). We associate the equation ẏ(t) = f(t, y_t, u_t), t ≥ 0, (3.5) to the function u and to Equation (3.3) with the initial condition (3.2) corresponding to (3.4). A solution of (3.5)–(3.2) corresponding to initial function φ and the function u ∈ S(ϱ) is denoted by y(t) = y(t; φ, u). Assumption (A) yields that the identically zero function is a solution of both initial value problems (3.3)–(3.4) and (3.5)–(3.2).

The next theorem shows that the equi-stability of the trivial solution of (3.5) implies the stability of the trivial solution of (3.3).

Theorem 3.1. Assume (A), let ϱ > 0 be such that S(ϱ) ⊂ Ω_2, and u ∈ S(ϱ). Then

(i) if the trivial solution of (3.5) is equi-stable with respect to S(ϱ), then the trivial solution of (3.3) is stable, as well;

(ii) if the trivial solution of (3.5) is asymptotically equi-stable with respect to S(ϱ), then the trivial solution of (3.3) is asymptotically stable, as well;

(iii) if the trivial solution of (3.5) is exponentially equi-stable with respect to S(ϱ), then the trivial solution of (3.3) is exponentially stable, as well.

Proof. (i) Fix any 0 < ε < ϱ, and let 0 < δ < ϱ be a constant corresponding to ε in the definition of equi-stability with respect to S(ϱ) of the trivial solution of (3.5). Let φ satisfy ‖φ‖ < δ, and let x(t) = x(t; φ) be any corresponding solution of (3.3)–(3.4). Since, by assumption, |x(0)| < ϱ, the continuity of x yields that |x(t)| < ϱ for t > 0 close to 0. Suppose there exists T > 0 such that |x(t)| < ϱ for t ∈ [0, T ) and |x(T )| = ϱ. Define u(t) = { x(t), t ∈ [−r, T ), x(T ), t ≥ T. Then u ∈ S(ϱ). Let y(t) = y(t; φ, u) be the solution of the corresponding (3.5)–(3.2). By the equi-stability with respect to S(ϱ) of (3.5), |y(t; φ, u)| < ε < ϱ for t ≥ 0. On the other hand, y(t) = x(t) for t ∈ [0, T ). Therefore, by continuity, |x(T )| = |y(T )| = ϱ gives a contradiction to the definition of T . Hence |x(t)| = |y(t)| < ε for t ≥ 0, which proves (i).

(ii) By part (i) the trivial solution of (3.3) is stable, therefore there exists δ > 0 such that |x(t; φ)| < ϱ for t ≥ 0 and ‖φ‖ < δ. The asymptotic equistability of (3.5) implies the existence of θ > 0 that lim_{t→∞} y(t; φ, u) = 0 for ‖φ‖ < θ and u ∈ S(ϱ). Let u(t) = x(t; φ) for a fixed φ satisfying ‖φ‖ < θ, then u ∈ S(ϱ). Therefore lim_{t→∞} x(t) = 0, as well, since x(t; φ) = y(t; φ, u).

(iii) As in part (ii), there exists δ_0 > 0 such that |x(t; φ)| < ϱ for t ≥ 0, ‖φ‖ < δ_0. By assumption, there exist δ > 0, K ≥ 1 and α > 0 such that |y(t; φ, u)| ≤ Ke^{−αt}‖φ‖ for t ≥ 0, ‖φ‖ < δ and u ∈ S(ϱ). But for ‖φ‖ < min{δ_0, δ} and u = x(·; φ) we have x(t; φ) = y(t; φ, u), and so |x(t; φ)| ≤ Ke^{−αt}‖φ‖, t ≥ 0. □ Theorem 3.1 can be applied for example for state-dependent delay equations of the form ẋ(t) = h(t, x(t), x(t − τ(t, x_t))), t ≥ 0, (3.6) where the delay function τ : [0, ∞) × C → R is continuous, and 0 ≤ τ(t, ψ) ≤ t + r for t ≥ 0 and ψ ∈ C and h(t, 0, 0) = 0, t ≥ 0. The associated stateindependent delay equation to (3.6) is ẏ(t) = h(t, y(t), y(t − τ(t, u_t))), t ≥ 0. (3.7) Therefore some type of equi-stability of the trivial solution of (3.7) implies the same type of stability of the trivial solution of (3.6). We note that such results can be generalized for for state-dependent delay equations with multiple delays, and for other classes of differential equations, e.g., for equations with unbounded delays, (i.e., where the initial interval is [−r, 0] = (−∞, 0]) or for neutral differential equations. The applicability of these theorems depends on if we can give conditions implying equi-stability of the associated equation. In the next section we will present such conditions for several classes of delay equations including equations with state-dependent delays.

4. Applications

In our first example we give a condition implying the equi-stability of a certain delay equation. Consider the linear delay equation ẋ(t) = − m∑ i=1 a_i(t, p)x(t − τ_i(t)), t ≥ 0, (4.1) where p is a parameter in the equation belonging to a certain set U.

Theorem 4.1. Let r > 0, and assume τ_i : [0, ∞) → [0, r] and a_i : [0, ∞) × U → [0, ∞) for i = 1, . . . , m, and there exist constants 0 ≤ d_{ik} < 1 (i, k = 1, . . . , m), T ≥ r and K > 0 such that ∫_t t−τ_i(t) a_k(s, p) ds ≤ d_{ik}, t ≥ T, p ∈ U, i, k = 1 . . . , m,

where_m ∑ i,k=1 d_{ik} < 1, (4.2) and ∫_T 0 m∑ i=1 a_i(s, p) ds ≤ K, p ∈ U.

(i) Then the trivial solution of (4.1) is equi-stable with respect to U. (ii) If we assume further that ∫_∞ 0 m∑ j=1 a_j (s, p)ds = ∞ for p ∈ U, then the trivial solution of (4.1) is asymptotically equi-stable with respect to U.

(iii) If, moreover, there exists α > 0 such that ∫_t s a_i(s, p)ds ≥ α(t − s) for t ≥ s ≥ 0, p ∈ U and i = 1, . . . , m, then the trivial solution of (4.1) is exponentially equi-stable with respect to U. Proof. (i) Fix p ∈ U. We have

ẋ(t) = − (_m ∑ i=1 a_i(t, p) ) x(t) + m∑ i=1 a_i(t, p)(x(t) − x(t − τ_i(t))), t ≥ 0.

Using the variation-of-constant formula for ODEs we get x(t) = e^{− ∫ t0 ∑mi=1 ai(s,p)ds}x(0) + m∑ i=1 ∫_t 0 e^{− ∫ ts ∑mj=1 aj (u,p)du}a_i(s, p)(x(s) − x(s − τ_i(s)))ds.

Using t − τ_i(t) ≥ 0 for t ≥ T ≥ r and i = 1, . . . , m, Equation (4.1) yields for t ≥ T x(t) = e^{− ∫ t0 ∑mi=1 ai(s,p) ds}x(0) + m∑ i=1 ∫_T 0 e^{− ∫ ts ∑mj=1 aj (u,p) du}a_i(s, p)(x(s) − x(s − τ_i(s))) ds

− m∑ i=1 ∫_t T e^{− ∫ ts ∑mj=1 aj (u,p) du}a_i(s, p) ∫_s s−τ_i(s) m∑ k=1 a_k(u, p)x(u−τ_k(u))duds. A simple generalization of Lemma 2.1 to Equation (4.1) implies |x(t)| ≤ e^{∫ T0 ∑mj=1 aj (s,p) ds}‖φ‖ ≤ e^K ‖φ‖, t ∈ [0, T ], p ∈ U, therefore, for t ≥ T |x(t)| ≤ e^{− ∫ t0 ∑mj=1 aj (s,p)ds}|x(0)| + 2e^K ‖φ‖ m∑ i=1 ∫_T 0 e^{− ∫ ts ∑mj=1 aj (u,p)du}a_i(s, p)ds

+ m∑ i=1 ∫_t T e^{−∫ ts ∑mj=1 aj (u,p)du}a_i(s, p) ∫_s s−τ_i(s) m∑ k=1 a_k(u, p)|x(u−τ_k(u))|duds (4.3) ≤ e^{− ∫ t0 ∑mj=1 aj (s,p)ds}|x(0)| + 2e^K ‖φ‖ ( e^{− ∫ tT ∑mj=1 aj (u,p)du} − e^{− ∫ t0 ∑mj=1 aj (u,p)du} )

+ max −r≤s≤t |x(s)| m∑ i,k=1 ∫_t T e^{− ∫ ts ∑mj=1 aj (u,p)du}a_i(s, p) ∫_s s−τ_i(s) a_k(u, p)duds

≤ ( 1 + 2e^K ) ‖φ‖ + max −r≤s≤t |x(s)| m∑ i,k=1 d_{ik} ∫_t T e^{− ∫ ts ai(u,p)du}a_i(s, p)ds

= ( 1 + 2e^K ) ‖φ‖ + max −r≤s≤t |x(s)| m∑ i,k=1 d_{ik} ( 1 − e^{− ∫ tT ai(u,p)du} ) (4.4)

≤ ( 1 + 2e^K ) ‖φ‖ + max −r≤s≤t |x(s)| m∑ i,k=1 d_{ik}. Note that the last inequality holds for t ∈ [−r, T ], as well. It follows therefore max −r≤s≤t |x(s)| ≤ ( 1 + 2e^K ) ‖φ‖ + d max_{−r≤s≤t} |x(s)|, where d ≡ m∑ i,k=1 d_{ik} < 1, hence |x(t)| ≤ max_{−r≤s≤t} |x(s)| ≤ 1 + 2e^K 1 − d ‖φ‖, which yields the stability of the trivial solution of (4.1).

(ii) Let x be any fixed solution of (4.1), then, by part (i), lim_{t→∞} |x(t)| is finite. Let ε > 0 be fixed, and let t_1 > T be such that |x(t)| ≤ lim_{t→∞} |x(t)|+ε for t ≥ t_1 − r. Similarly to (4.4) one can easily obtain |x(t)| ≤ e^− ∫_t t1 ∑_m j=1 a_j (s,p)ds|x(t 1)| + ( lim_{s→∞} |x(s)| + ε) m∑ i,k=1 d_{ik} ( 1 − e^− ∫_t t1 a_i(s,p)ds) , t ≥ t 1. (4.5)

Then taking the limit as t → ∞ we get lim_{s→∞} |x(s)| ≤ d( lim_{s→∞} |x(s)| + ε), or equivalently, lim_{s→∞} |x(s)| ≤ dε 1 − d , which yields lim_{t→∞} x(t) = 0, since ε > 0 was arbitrary.

To prove part (iii) fix 0 < β < α such that de^{2βr} ( 1 + β α − β ) < 1, and introduce z(t) = |x(t)|e^{βt}. Multiplying both sides of (4.3) by e^{βt} and using that e^{− ∫ t0 ∑mj=1 aj (s,p) ds} ≤ e^{−βt}, t ≥ 0, p ∈ U, we get z(t) ≤ ‖φ‖ + 2e^K ‖φ‖e^{βt} ( e^{− ∫ tT ∑mj=1 aj (u,p)du} − e^{− ∫ t0 ∑mj=1 aj (u,p)du} )

+ e^{βt} m∑ i,k=1 ∫_t T e^{− ∫ ts ∑mj=1 aj (u,p)du}a_i(s, p)

× ∫_s s−τ_i(s) a_k(u, p)|z(u − τ_k(u))|e^{−β(u−τk(u))}duds

≤ ‖φ‖ + 2e^K ‖φ‖e^{∫ T0 ∑mj=1 aj (u,p)du} + e^{βr} max −r≤s≤t z(s) m∑ i,k=1 ∫_t T e^{−∫ ts ai(u,p)du+βt}a_i(s, p)e^{−β(s−τi(s))} ∫_s s−τ_i(s) a_k(u, p)duds

≤ (1 + 2e^{2K} )‖φ‖ + e^{2βr} max_{−r≤s≤t} z(s) m∑ i,k=1 d_{ik} ∫_t T e^{− ∫ ts ai(u,p)du+β(t−s)}a_i(s, p)ds.

Integration by parts and inequality e^{− ∫ t}s^{ai(s,p) ds} ≤ e^{−α(t−s)} yield z(t) ≤ (1 + 2e^{2K} )‖φ‖ + e^{2βr} max_{−r≤s≤t} z(s) m∑ i,k=1 d_{ik} ( 1 − e^{− ∫ tT ai(u,p) du+β(t−T )}

+ β ∫_t T e^{− ∫ ts ai(u,p) du}e^{β(t−s)} ds )

≤ (1 + 2e^{2K} )‖φ‖ + e^{2βr} max_{−r≤s≤t} z(s) m∑ i,k=1 d_{ik} ( 1 + β ∫_t T e^{(α−β)(s−t)} ds )

≤ (1 + 2e^{2K} )‖φ‖ + e^{2βr} max_{−r≤s≤t} z(s)d ( 1 + β α − β ) , which implies easily z(t) ≤ M_β ‖φ‖, where M_β ≡ 1 + 2e^{2K} 1 − de^{2βr} ( 1 +^β_{α−β} ).

This therefore means that |x(t)| ≤ M_β e^{−βt}‖φ‖, i.e., the trivial solution of (4.1) is exponentially equi-stable with respect to U. □ It has been shown in [14] by Krisztin (as a special case of a result proved for distributed delay case) that the trivial solution of the scalar equation ẋ(t) = − m∑ i=1 a_i(t)x(t − τ_i(t)), t ≥ 0 (4.6)

is asymptotically stable, if 0 ≤ a_i(t) ≤ α_i and 0 ≤ τ_i(t) ≤ q_i for t ≥ 0, and m∑ i=1 α_iq_i < 1.

Yoneyama [20] proved the asymptotic stability of the trivial solution of the equation ẋ(t) = −a(t)x(t − τ(t)), t ≥ 0 (4.7) under the integral condition that

0 < inf_{t≥0} ∫_t t−τ_0 a(s) ds ≤ sup_{t≥0} ∫_t t−τ_0 a(s) ds < 3 2 , when 0 ≤ a(t) and 0 ≤ τ(t) ≤ τ_0 for t ≥ 0. Our Theorem 4.1 was motivated by Yoneyama’s condition and reformulates Krisztin’s result using integral condition. Note that the upper limit^3_2 in the above condition was increased in [9] (but at the same time the lower limit 0 had to be increased, as well), where it was shown that if ∫_∞ 0 a(s) ds = ∞ and the function t → ∫_t 0 a(s) ds is monotone increasing, then for any c ∈ (0, π/2) there exists b ∈ (0, c) such that the trivial solution of (4.7) is asymptotically stable, assuming b < lim_{t→∞} ∫_t t−τ(t) a(s) ds ≤ lim_{t→∞} ∫_t t−τ(t) a(s) ds < c. In our next example we consider the scalar equation ẋ(t) = − m∑ i=1 a_i(t, x_t)x(t − τ_i(t)), t ≥ 0. (4.8) Theorems 3.1 and 4.1 have the following corollary.

Theorem 4.2. Assume τ_i : [0, ∞) → [0, r], a_i : [0, ∞) × C → [0, ∞), there exist constants ϱ > 0, 0 ≤ d_{ik} < 1 (i, k = 1, . . . , m), T ≥ r and K > 0 such that ∫_t t−τ_i(t) a_k(s, u_s) ds ≤ d_{ik}, t ≥ T, u ∈ S(ϱ), i, k = 1, . . . , m, where_m ∑ i,k=1 d_{ik} < 1, and ∫_T 0 m∑ i=1 a_i(s, u_s) ds ≤ K, u ∈ S(ϱ).

(i) Then the trivial solution of (4.8) is stable. (ii) If we assume further that ∫_∞ 0 m∑ j=1 a_j (s, u_s) ds = ∞ for u ∈ S(ϱ), then

the trivial solution of (4.8) is asymptotically stable. (iii) If, moreover, there exists α > 0 such that ∫_t s a_i(s, u_s)ds ≥ α(t − s) for t ≥ s ≥ 0, u ∈ S(ϱ) and i = 1, . . . , m, then the trivial solution of (4.8) is exponentially stable.

Next we study the exponential stability of the state-dependent delay system ẋ(t) = B(t)x(t − τ(t, x_t)), t ≥ 0, (4.9) with the associated initial condition (2.3). We assume that B satisfies (H1), and τ satisfies

(H3) τ : [0, ∞) × C → [0, ∞) is continuous, and there exist ϱ > 0 and a continuous function γ : [0, ∞) → R such that 0 ≤ γ(t) ≤ t + r for t ≥ 0, lim_{t→∞} t − γ(t) > 0, and τ(t, u_t) ≤ γ(t) for t ≥ 0, u ∈ S(ϱ). Note that these conditions imply the local existence of solutions of (4.9)-(2.3), but not necessary the uniqueness of the solution (see, e.g., [4], [10]).

Remark 2.4 yields that for every n, m ∈ N there exist functions Δ^+_{n,m}, Δ^−_{n,m} : [0, ∞) → [0, ∞) satisfying lim_{t→∞} |B(t)|e^{1m γ(t)} ∫_{t−τ(t,0)+Δ}+_{n,m(t)} t−τ(t,0)−Δ^−_{n,m}(t) |B(s)|e^{1m γ(s)} ds < 1 n (4.10) and 0 ≤ Δ^−_{n,m}(t) ≤ τ(t, 0), 0 ≤ Δ^+_{n,m}(t) ≤ γ(t) − τ(t, 0) for t ≥ 0. With the help of these functions we can test if the exponential stability of the trivial solution of ẋ(t) = B(t)x(t − τ(t, 0)), t ≥ 0 (4.11) is preserved for that of (4.9). In particular, assume that τ is such that (H4) for every n, m ∈ N there exist T = T_{n,m} > 0 and 0 < δ = δ_{n,m} ≤ ϱ such that τ(t, 0) − Δ^−_{n,m}(t) ≤ τ(t, u_t) ≤ τ(t, 0) + Δ^+_{n,m}(t), t ≥ T and u ∈ S(δ). (4.12) Then we have the following result.

Theorem 4.3. Assume (H1), (H3) and (H4), and the trivial solution of (4.11) is exponentially stable. Then the trivial solution of (4.9) is exponentially stable, as well.

Proof. For any u ∈ S(ϱ) we associate equation ẏ(t) = B(t)y(t − τ(t, u_t)), t ≥ 0 (4.13) to (4.9). The assumptions imply that there exists K̃_α ≥ 1 and α > 0 such that the fundamental solution V of (4.11) satisfies |V (t, s)| ≤ K̃_αe^{−α(t−s)} for t ≥ s. Fix^1_α < m_0, and let n_0 ∈ N be such that K̃_α/(α −^1_{m0} ) < n_0, and let T and δ be the corresponding constants from (H4). We define the functions

Δ^+(t) ≡ { Δ^+_{n0,m0} (t), t ≥ T, γ(t) − τ(t, 0), 0 ≤ t < T and Δ^−(t) ≡ { Δ^−_{n0,m0} (t), t ≥ T, τ(t, 0), 0 ≤ t < T and the set Π = {σ : τ(t, 0) − Δ^−(t) ≤ σ(t) ≤ τ(t, 0) + Δ^+(t), t ≥ 0}.

Then τ(·, u_·) ∈ Π for u ∈ S(δ), and lim_{t→∞} |B(t)|e^{1m}0^{γ(t)} ∫_{t−τ(t,0)+Δ}+_{(t)} t−τ(t,0)−Δ^−(t) |B(s)|e^{1m}0^{γ(s)} ds < α −^1_{m0} K̃_α . Hence Theorem 2.3 implies that the trivial solution of (4.13) is exponentially equi-stable with order 1/m_0 with respect to the set S(δ). Therefore Theorem 3.1 implies that the trivial solution of (4.9) is exponentially stable, as well. □ Note that if |B(t)|e^{βγ(t)} is bounded for t > 0 and for some β > 0, then, for large enough m, Δ^+_{n,m} and Δ^−_{n,m} can be selected to be constants functions. If both |B(t)| and γ(t) are bounded, Corollary 2.5 and the last theorem imply immediately the next corollary, which slightly improves Theorem 2.2 of [8]. Corollary 4.4. If |B(t)| ≤ b_0 for t ≥ 0 and τ : [0, ∞) × C → [0, r], then Theorem 4.3 remains true when assumption (H4) is replaced by (H4’) for every ε > 0 there exists δ > 0 such that lim_{t→∞} |τ(t, 0) − τ(t, u_t)| < ε, u ∈ S(δ). (4.14)

We note that in [8] it was proved, that if we have more smoothness on the delay τ, then the exponential stability of the trivial solution of (4.11) is not only sufficient, but also necessary for the exponential stability of the trivial solution of (4.9).

Our final result is formulated for the scalar delay equation ẋ(t) = a(t)x(t − τ(t, x_t)), t ≥ 0, (4.15) where the delay function is defined by the threshold relation ∫_t t−τ(t,x_t) f(t, s, x_t) ds = m, t ≥ 0 (4.16) for some m > 0. Recently such threshold-type delay equations have received considerable attention from modelling and theoretical point of view, as well (see, e.g., [1], [6], [7], [15]–[18]), but very little is known about the general stability theory of such equations (see [15]).

Let F be a positive constant, r ≡ m/F , and we assume (A1) a: [0, ∞) → R is continuous and bounded, (A2) f : [0, ∞) × [−r, ∞) × C → (0, ∞) is such that

(i) for every ε > 0 there exist δ > 0 and T > 0 such that |f(t, s, ψ) − f(t, s, 0)| < ε for t ≥ T , s ≥ T − r and ψ ∈ S(δ), (ii) f(t, s, 0) ≥ F for t ≥ 0 and s ≥ −r.

Note that assumption (A2) (ii) implies 0 < τ(t, 0) ≤ r for t ≥ 0.

Theorem 4.5. Assume (A1) and (A2), and suppose the trivial solution of ẋ(t) = a(t)x(t − τ(t, 0)), t ≥ 0, (4.17) is exponentially stable. Then the trivial solution of (4.15) is exponentially stable, as well.

Proof. By Remark 4.4 it is enough to show that (4.14) holds. Assumption (A2)(i) yields that for any ε > 0 there exist δ > 0 and T > 0 such that ∫_t t−τ(t,u_t) (f(t, s, 0)−ε) ds ≤ ∫_t t−τ(t,u_t) f(t, s, u_t) ds ≤ ∫_t t−τ(t,u_t) (f(t, s, 0)+ε) ds for t > T and any u ∈ S(δ). On the other hand for such u the definition of τ(t, u_t) implies ∫_t t−τ(t,u_t) f(t, s, u_t) ds = ∫_t t−τ(t,0) f(t, s, 0) ds = m, therefore ∫_t t−τ(t,u_t) (f(t, s, 0) − ε) ds ≤ ∫_t t−τ(t,0) f(t, s, 0) ds ≤ ∫_t t−τ(t,u_t) (f(t, s, 0) + ε) ds, and so −ετ(t, u_t) ≤ ∫_{t−τ(t,ut)} t−τ(t,0) f(t, s, 0) ds ≤ ετ(t, u_t). Hence F |τ(t, u_t) − τ(t, 0)| ≤ | | | | ∫_{t−τ(t,ut)} t−τ(t,0) f(t, s, 0) ds | | | | ≤ ετ(t, ut) (4.18) for t > T and u ∈ S(δ). Assumption (A2) (i) yields m = ∫_t t−τ(t,u_t) f(t, s, u_t) ds ≥ (F − ε)τ(t, u_t). Therefore it follows from (4.18) that |τ(t, u_t) − τ(t, 0)| ≤ εm (F − m)F , t > T, u ∈ S(δ), which implies property (H4’). □

References

1. O. Arino, M. L. Hbid and R. Bravo de la Parra, A mathematical model of growth of population of fish in the larval stage: density-dependence effects, Math. Biosci. 150:1 (1998), 1–20.

2. L. Berezansky and E. Braverman, Preservation of the exponential stability under perturbations of linear delay impulsive differential equations, Zeitschrift für Analysis und ihre Anwendungen 14:1 (1995), 157–174.

3. A. Domoshnitsky, M. Drakhlin and E. Litsyn, On equations with delay depending on solution, Nonlinear Anal. 49:5 (2002), 689–701.

4. R. D. Driver, Existence theory for a delay-differential system, Contributions to Differential Equations 1 (1961), 317–336.

5. R. D. Driver, “Ordinary and Delay Differential Equations”, Springer-Verlag, New York (1977).

6. J. A. Gatica and P. Waltman, Existence and uniqueness of solutions of a functionaldifferential equation modeling thresholds, Nonlinear Anal. 8:10 (1984), 1215–1222.

7. J. A. Gatica and P. Waltman, A system of functional-differential equations modeling threshold phenomena, Appl. Anal. 28:1 (1988), 39–50.

8. I. Győri and F. Hartung, On the exponential stability of a state-dependent delay equation, Acta Sci. Math. (Szeged) 66 (2000), 71–84.

9. I. Győri and F. Hartung, Stability in delay perturbed differential and difference equations, Topics in functional differential and difference equations (Lisbon, 1999), Fields Institute Communications 29 (2001), 181–194.

10. I. Győri, F. Hartung and J. Turi, Numerical approximations for a class of differential equations with time- and state-dependent delays, Appl. Math. Lett. 8:6 (1995), 19–24.

11. I. Győri, F. Hartung and J. Turi, Preservation of Stability in Delay Equations under Delay Perturbations, J. Math. Anal. Appl. 220 (1998), 290–312.

12. T. Hara, R. Miyazaki and Y. Matsumi, Exponential asymptotic stability in linear delaydifferential equations with variable coefficients, Diff. and Int. Eqns 11:2 (1998), 263– 278.

13. J. K. Hale and S. M. Verduyn Lunel, “Introduction to Functional Differential Equations”, Spingler-Verlag, New York (1993).

14. T. Krisztin, On stability properties for one-dimensional functional differential equations, Funkcional Ekvacioj 34 (1991), 241–256.

15. H. L. Smith, Structured population models, threshold-type delay equations and functional-differential equations, Delay and differential equations (Ames, IA, 1991), World Sci. Publishing, River Edge, NJ (1992), 57–64.

16. H. L. Smith, Reduction of structured population models to threshold-type delay equations and functional-differential equations: a case study, Math. Biosci. 113:1 (1993), 1–23.

17. H. L. Smith, Existence and uniqueness of global solutions for a size-structured model of an insect population with variable instar duration, Rocky Mountain J. Math. 24:1 (1994), 311–334.

18. H. L. Smith, Y. Kuang, Periodic solutions of differential delay equations with thresholdtype delays, Oscillation and dynamics in delay equations (San Francisco, CA, 1991), Contemp. Math., 129, Amer. Math. Soc., Providence, RI (1992), 153–176.

19. A. Stokes, Stability of functional differential equations with perturbed lags, J. Math.

Anal. and Appl. 47 (1974), 604–619.

20. T. Yoneyama, On the 3/2 stability theorem for one-dimensional delay-differential equations, J. Math. Anal. Appl. 125 (1987), 161–173.

István Győri Department of Mathematics and Computing University of Veszprém H-8201 Veszprém, P.O.Box 158 Hungary E-mail address: gyori@almos.vein.hu

Ferenc Hartung Department of Mathematics and Computing University of Veszprém H-8201 Veszprém, P.O.Box 158 Hungary E-mail address: hartung@szt.vein.hu