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89.66 A short remark on difference equations
1 read with interest Hirschhorn's note [1] on the recurrence relations
a = G, @iy = ay — by
b() = b, bn—l = bn = Cy
€y = G Chs1 = Cn — dy

dO =d, dyy1 = dn - Qy

1)

and the ‘lengthy calculation’ (sic) of its explicit formula.
Tn this note we present the simple (and general but natural) method for
solving higher dimensional linear recurrence relations:
Xo = ap, Xpr1 = AXp, nz0
where x, € R¥(n e N)andA e R***(k e Nis any fixed number).

The solution clearly is x, = A" X, where the hard task is to determine
the powers of the matrix A e R¢*%,

In our example

ay a 1 ~1 0 0

b, b 0 1 -1 0

" = = 2
X, = el Xg = ol and A 0 0 1 -1 2)

d, d -1 0 1

We present the general method using this example. This method may
be well known, but we found it only in [2].
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First calculate the eigenvalues and eigenvectors of A:

1 i
M= 2, hlz"}, o= 14i, k=L
-1 1
i 1
O L N e R T
! 1

For determining the powers of A we use the fact that A is similar to a
diagonal matrix B (since its eigenvalues are all different) where

A = TBT™
1 —i i 1
[ S S T B |
and =1y 0 4
-1 1 1 1
(the eigenvectors are the rows) and
2 0 0 0
o 1+ 0 0
5= 0 0 1 -1 0
0 0 0 0
(the eigenvalues are in the diagonal) .
So
X, = A%y = TB'T 'xy =
1 - 1]} 2 0 0 0 P4
-1 -1 =1 1 || 0 (+iy 0 O TR
1 i =i t{lo o Q@-i o] -k -4 iiix"'
-1l b1dlo o o oL & & 4 i
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