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0.a) Szemléltetés



n=2: sikbeli egyenesek

N

aX+by=c
a,X+hb,y=c,

a X+b 'y =Cp, |

metszéspontok szama: 0, 1, végtelen (egyenes)



n=3: (térbeli) sikok

aXx+by+cz=d,
a,X+by+c,z=d,

a,X+b,y+c,z=d,

metszéspontok szama: 0,1, végtelen (egyenes v. sik)



n>3 :



0.b) Pontossag:

Hasonlitsuk 0ssze pl. az alabbi két egyenletrendszert €s gyokeiket:

/1/ 5.0002 x - 3.7342 y = 12.1226 }

4.9997 x - 3.7339y = 12.1224 }
{x=-7.873637

{y=-13.789 396
/2]  5.0002 x - 3.7342 y = 12.1226 }

5.0004 X - 3.7344 y = 12.1228 }
{ X = +6.625 908
{y = +5.625 908

Elemezziik, hogy az egyiitthatok kis eltérései ellenére a gyokok
elterése miért novekszik kb. 10ezer-szeresére ?! ;



|. Vektorok



Linearis kombinacio és egyenletrendszer példa

[ 3 0 | [ -5 [ 2 ] [ 1]
—1 |z + | =7 | 22+ 4 (-x3+ | 1 | -24a= 1|0
0 5 | 1 | 8 | | 6
)
[ 3z, | [ 0-29 | [ —5-1q | [ 2.2, | [ 1]
—1z, + | =7-29 | + 4 - x5 + | 1-z4 | =1 0
i U$1_ i 5-$2_ ] 1-:}33_ _8-$4_ _6_
)
[ 32, +0-29—5-23+2-74 | [ 1]
—1lxy —T-29+4-293+1-24 =1 0
| Oxy+95-2o+1-23+8 -4 | 6
)
31 + —dT3 +2zy = 1
— — Ty + 4z + x4y = 0
D2 + 3 +8z4 = 6
Tehat:

Vektorok linearis kombinacioja <= linearis eqyenletrendszer




o (5 i g-’
sSRERS

a;,1'Xy + a1 2°X + ... t+ Qi n*Xp T
az 1" X3 + as 2" Xo + ... + ds n*Xp =
asz 1" X3 + as 2" Xo + ... + a3 n*Xp =
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o (5 i g-‘
PI 0.8

ai 1
dz 1
as 1

(’

ixl

+

ixz

+
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e 0
g EEERS
ai,1 di1,2 21,n D1
az,1 42,2 42,n o2
as,1 3,2 43,n b:
. xl + * xz + + : xn = ]
am,]. am,z amrn -bII'.'I.-
a;*'xX; + a,*x, + t 3.'% = b

12



sERIRE

ai 1
dz 1
as 1

(’

ixl

+

ixz

+
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- - x:n_ = b |
a1 a2 : ai n b,
as 1 as 2 c e as n b,
as, i as o .. as n b;
dm, 1 Adm, 2 . dm, n b

© " Ha egy matrixot szorzunk oszlopvektorral, akkor a matrix

oszlopvektorainak linearis kombinaciojat kapjuk, ahol az egytitt-
hatok a vektor komponensei." ©
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a1 ,2
do 2
a3 2
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Megoldas elemi bazistranszformacioval:

a1 o dn b
€1 aj 1 aj 2 a1 n b1
%) do 1 do 2 do b,
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a1 o dn b
e 0 0 0 ?y
d; O 1 02 2 02 n 3
dj Olm,1 Olm 2 Olm n Bm
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a1 Xy T dr X, T a, "X, = b
a1 o dn b
et 0 0 0 ?y
d; O 1 O 2 02 n 3
dj Olm,1 Olm 2 Olm n Bm
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A Xy T 2 X ...

0-x,+ 0-X>+

1-X1+ O 2 Xot

Om 1 X1t Om2-Xot

O n"Xn= BZ

1 'Xn: Bm
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A Xy T 2 X ...

0-x,+ 0-X>+

1-X1+ O 2 Xot

Om 1 X1t Om2-Xot
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pl| a1 2 as as as a; a = b
a 1-7 5 -6 = 10
22 0 - 0
a, | 1 5 4 -4 = 12
a- -7 5 -6 3 = 19
=5 0] - 0
ag 6 7 -9 -5 1 =13
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"jozan'" eésszel:

pl| aa 2 2a a a a 2a a = b
a 1x,-7x5+5x%, -6Xg = 10
= 0 =0
a; 1X1 ‘|‘5X3‘|‘ ‘|‘4X6 —4X7 = 12
as —7X3‘|‘SX4‘|‘1X5 — 6X6 ‘|‘3X7 = 19
=5 0 =0
asg 6X3‘|‘7X4 - 9x6 _SX7 ‘|‘1X3 = 13
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pl| a a a a a a a a = b

a 1X2—7X3‘|‘5X4 - 6X6 = 10
= O =20

a; 1X1 ‘|‘5X3‘|‘ ‘|‘4X6 —4X7 = 12
as —7x3+5x4+1x5 — 6X6 ‘|‘3X7 = 19
=5 O =20
ag 6X3‘|‘7X4 - 9x6 _SX7 -I-lxg = 13

Xg=[Xs, X1, X5, Xg] ,  Xg=[Xs, X4, X5, X7] ,

r=4, s=4 .
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© A bazisba bevitt ismeretleneket kifejezziik a be nem vitt
("maradék') valtozokkal: ©

a2) X, = 10-(-7x%x3+t5%x,-6x%x,1+0x)
al) X, = 12— (+5x%3+0x,+4x.-4x,)
ad) X = 19-(-7x3+5%x,-6x%x,+3%,)
a8) Xg = 13- (+6x3+7x,-9%x.,-5x%x)

X3, X,,X6,X7 € R
tetszoleges szamok

Xg=[Xo, X1, X5y Xg] »  Xg=[X3, X4, X5, X7] ,

r=4, s=4 .



a2)

al)
ab)

a8)

Xg = d - D-Xg

0
N
I

X X
o B
|

%
(00)
I

X3, X,, X, X, € R

10- (-7x3;+5x,-6x,1t0x,)

12-(+5x,+0x,+4x.-4x,)
= 19- (-7x,;+5x,-6x,+3x%x,)

13- (+6x,+7x%x,-9%x.,-5x,)

tetszoleges szamok

Xg= [X5, X1, X5, Xg] |

r=4,

Xp= [X3, X4, Xg, X7] ,

s=4 .
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A megoldashalmaz geometriai szerkezete:

-

(12- (+5X, +0-X, +4X, - 4X,)
10-(-7%X; +5X, -6X, +0-X,)
0 +1x,
0 +1x,
19- (-7X; + 5%, - 6X4 + 3X;)
0 +1X,
0 +1x,

|13 - (+6X; + 7X, - 9% -5X;) |

0 -4 4
-5 6 0
0 0 0
X, + L - X, + 0 - X + 0
*l-5] 7 | 6] ° |-3
0 1 0
0 0 1
_-7_ L 9_ L .

X3, X4, Xg, X7 €R
tetsz szamok

X3, X4, X6, X7 €R

.X ,
"1 tetsz szamok
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12 ([ [-5] [o] [-4] [ 4]

10 7 -5 6 0

0 1 0 0 0

19 71" |-51" | 6] |-3 '
0 0 0 1 0

0 0 0 0 1

13 | [-6] |-7) [ 9] |5

tehat:

TETEL: A megoldiashalmaz mindig egy L{V,...,V} altér
eltoltja egy u vektorral:
I\/Iinh = Uinh + I\/Ihom

azaz Xinh™® = XinnP2 + Xpom™ B

(1d. még 35.0ld.)
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"tudomanyosan'':

pl | aa 2 2a a a a 2 a = b
a 1X2 — 7X3‘|‘5X4 - 6X6 = 10
= O =0
a; 1X1 ‘|‘5X3‘|‘ ‘|‘4X6 —4X7 = 12
as —7x3+5x4+1x5 —6X6 ‘|‘3X7 = 19
&5 0 =0
ag 6x3+7x, -9%¢ -5x; +1xg = 13

Xg=[Xs, X1, X5, Xg] ,  Xg=[Xs, X4, X5, X7] ,

r=4, s=4 .
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pl| an a as a: a as a; as = b
22 1 -7 5 -6 = 10
= O = 0
21 5 4 -4 = 12
as -7 5 1 -6 3 =19
€5 O = 0
asg 6 7 -9 -5 1 = 13

Xg=[Xs, X1, X5, Xg] ,  Xg=[Xs, X4, X5, X7] ,

r=4, s=4 .
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Sorok ¢€s oszlopok rendezesével:

pl| a a a a 3 a 3a a = b

a; 1x1 ‘|‘5X3‘|' ‘|'4X6 —4X7 = 12
a 1X2 —7X3‘|‘5X4 —6X6 = 10
as 1xs -7x3+5%x, - 6% +3%7; = 19
ag 1xg +6x3+7x%x; -9%¢ -5x; = 13
= O = 0
s 0 = 0

Xg=[Xs, X1, X5, Xg] ,  Xg=[Xs, X4, X5, X7] ,

r=4, s=4 .
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a;

a 4as dg 4as 4as 4ag 4ay

b

1X1

+5374 +4x, —4x,

X5 —73 3+5; :Xxs
) X5 -7 g+'€x_—9:R+3x7
1xg +6x3+7x7=5 \-5x%,
0
0

= 12
10
13
I3
0
0

Xg=[Xs, X1, X5, Xg] ,  Xg=[Xs, X4, X5, X7] ,

r=4, s=4 .
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+ Dxg =0

Xp=[X5, Xq, X5, Xg] »  Xg=[X3, X4, X5, X7] ,
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= 0 - DX

Xg=[X5, X1, Xg, Xg] , Xp=[X3, X4, X5, X;] € RS tetszoleges

r=4, s=4 , B
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II. A megoldashalmazok szerkezete

és kapcsolata
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Def.: Az egyenletrendszer homogén ha b=0 , mas esetben inhomogén.=

2.TETEL: Ha Ax,=Db és Ax,=b akkor barmely \eR valds szamra
A, +(1-A)X,) = b ("konvex lin. kombinacid"),

azaz: havan ket (kiilonb6zo) gyok, akkor 6sszekotd egyenesiik minden
pontja 1s gyok, vagyis ekkor végtelen sok gyok van. -

3.TETEL: (i) Ha Ax,=b és Ax,=Db akkor A(Xx;-X,)=0 .
(i) Ha Ax=Db és Ay =0 akkor A(x+y)=Dhb . -

1! Kvetkezmény:

aAlt — art alt
azaz Xinh™" = Xinh?*" + Xhom® %



III. Linearis leképezések

37



THET HIHE F1
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IV. Matrixok (determinansok)
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2X2

X:ce—bf
ae —bd
ax+hy=c
= 4
dx+ey=f}
y:af—cd
ae —bd

(haanevezOnem 0 ) 4



2X2

ax+hby=c
dx+ey=f

_ce—bf

ae—bd

_af —cd

Y= %e_bd

O Q| - O

® S| T

O | D

® S| O
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2X2

ax+hby=c
dx+ey=f

Y= %e_bd

det

_Ce—bf _

ae—bd det

O QO =~ O

det
_af —cd

® S| D T

det

o o Q> D

® S| O

42



3% 3 (X:dfk+bgl+cjh—clf—gjd—kbh
afk + bgi + cje—cif — gja—kbe

ax+by+czl=d)
ex+ fy+gzl=hy = <y
IX+ Jy+kzl=1

_ ahk+dgi +cle—cih—gla—kde
afk + bgi + cje—cif —gja—kbe

L afl + bhi+dje—dif —hja—Ibe
~ afk+Dbgi+cje—cif —gja—kbe

(haanevezOnem 0 ) 43



+— = — —
D [<B) [<B}
O 0O X O O X D -
O 4= ™ T L - O Y= =
S5 C e C O = C @O =
3 i 3
@) [(®) e
|l |l I
>< > N
_\Ohl
|| || ||
N N
O o O
+ 4+ +
N
N B & 2
o HH._.
ae.vIA




nxn: TETEL (Cramer szabdly) :

Tekintsuk az A x = 7 lin. egyenletrendszert, ahol az A
egyUtthatomatrix négyzetes: A=[a, a, ... a,]...,.
Legyen

D = det(A),

D, =det([2 a, ... a,]),

D, =det([a, 7 ... a,]),

D, =det(la, a, ... Db]).
Ekkor:

D-x, =D, (k=1,....,n).



Kovetkezményei:  altalaban:

la. Ha D+#0 akkor x,=D,/D (k=1,...,n) egyetlen megoldas van.

2a. Ha D=0 de D,#0 legaladbb egyik k -ra akkor nincs megoldas.
3a. Ha D=0 ¢és D,=0 mindegyik k —ra

(+) és van megoldas, akkor végtelen sok megoldas van. O

Specialisan: Ax=0 homogén esetben: D, =0 mindegyik k -ra

1h. Ha D#0 akkor csakaz X =0 trivialis megoldas van.
2h. ---[ilyen eset nincs/
3h. Ha D=0 akkor végtelen sok megoldas van. O

osszegezve: Van végtelen sok <=> van nemtrividlis <=> D=0. O
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Példa 3a (+) -ra: X+2y -3z =1
22X -4y + 6z =-2
3x+o6y - 92= 4

aZaZ

hiszen az egyenlet

D=D;=D,=D;=0 denincs megoldas

a-x+2ay-3az =b
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