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Abstract

In this paper we study exponential stability of solutions of a class of nonlinear differ-
ential equations including differential equations with state-dependent delays by means of
linearization.
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1 Introduction
In this paper we consider the nonlinear functional differential equations of the form

&(t) = f(t, 1), t > to, (1.1)

where r > 0 is fixed, and the solution segment function z; : [—7,0] — R™ is defined by
x4(s) = x(t + s). We assume that z = 0 is an equilibrium of the equation. This general
class of equations includes differential equations with state-dependent delays (SD-DDEs),
e.g., equations of the form

&(t) = h(t,z(t), z(t — 7(t,z1))), t > to, (1.2)

or more general classes of SD-DDEs. We refer to [11] for a survey on basic theory and
applications of SD-DDEs.

One of the most frequently used qualitative technique in applications is the linearized
stability principle. It has been formulated in many papers for different classes of SD-DDEs

This research was partially supported by Hungarian National Foundation for Scientific Research Grant
No. K 73274.



(111, 31, 14, [71, [8], [9], [10], [12]). The main technical difficulty to prove a linearized stability
theorem in SD-DDEs is that the map C > ¢ — h(t,1(0),¢(—7(t,7))) € R™ is not Fréchet-
differentiable. See [11, 13] for more details and discussions on this topic.

In this paper we formulate a new sufficient condition for exponential stability for a large
class of nonlinear functional differential equations assuming exponential stability of an asso-
ciated a linear delay equation. The idea of the proof uses the fact that the solution of (1.1) is
continuously differentiable for ¢t > ¢ty + r under mild assumptions and a careful useage of the
variation-of-constants formula. These tricks make the proof much simpler than the proofs of
the existing linearization results for SD-DDEs.

In Section 2 we formulate our main result (see Theorem 2.3 below), and on a simplified
version of (1.2) we demonstrate how easy to apply our linearization method. We present
the technique to obtain exponential stability of the trivial solution, and also exponential
stability of an arbitrary (e.g., periodic) solution of the equation. Note that a linearized
stability theorem for periodic SD-DDEs was given in [7], but only for the case when the
examined solution is continuously differentiable. In our theorem here we do not need this
strong assumption. Section 3 contains the proofs of our general linearized stability theorem.

Note that a necessary and sufficient condition was formulated in [5] using a linearization
method for a special class of (1.2). It is an interesting open question whether the statement
in Theorem 2.3 can be reversed, possibly under more rectrictive conditions.

2 Main Results

Throughout this paper a fixed norm on R" and its induced matrix norm on R"*" is denoted
by |-|. The Banach space of continuous functions ¥ : [—r,0] — R"™ equipped with the norm
||| = sup{|e(s)|: s € [-r,0]} is denoted by C. The ball in C' centered at 0 with radious
p is denoted by B (p). The Banach space of bounded linear operators mapping C' to R™ is
denoted by L£(C,R").

Consider the delay system

z(t) = f(t,z), t > to. (2.1)
and the corresponding initial condition
Tty = P, peC, (2.2)

where ty € R is fixed.
We assume

(H1) f: [to,00)xC — R" is continuous, and there exist d; = 01(tp) > 0 and M; = M;(ty) >0
such that
[f(t o)l < Millell, @ €Be(d), t=to

(H2) There exists a mapping L: [tg,00) — L(C,R") satisfying

(i) the linear operator L(t) is uniformly bounded in time, i.e., |L(t)1p| < Msl¢p|| for
any t > tg and ¢ € C, where My = Mj(tg) > 0 is independent of ¢ and ¢;



(i) there are two continuous and monotone nondecreasing functions wy,ws: [0,d1) —
[0,00) for which wy(0) = w2(0) =0, and

1 (t9) = L] < [l (9]) + Idllwa(ll1])

for t > tg +r and ¢ € C' N Be(dy).

Note that (H1) yields the existence, but not the uniqueness of the solutions of the IVP (2.1)-
(2.2) (see, e.g., [2], [9], [11]). Any fixed solution of (2.1)-(2.2) will be denoted by z(¢; o, ¢).
We consider the time-dependent linear equation

y(t) = L)yt t > to. (2.3)
The solution of (2.3) corresponding to initial condition (2.2) is denoted by y(t;to, ¢).

Definition 2.1 We say that the trivial (zero) solution of the equation (2.1) is exponentially
stable on [tg,00), if there exist constants § = §(to) > 0, K1 = Ki(tg) > 1 and a1 = a;(tg) > 0
such that for any tg >0

z(t;to, )| < Kie @) |lp|l, ¢t >tg, @€ Be(d). (2.4)

Definition 2.2 We say that the trivial (zero) solution of the linear equation (2.3) is uni-
formly exponentially stable on [tg,00), if there exist constants Ko = Ka(tg) > 1 and ay =
as(tg) > 0 such that for any s > tg

ly(t;5,0)| < Koe™ g, t2s, peC. (2.5)

Now we can formulate the main result of this paper.

Theorem 2.3 Assume (H1) and (H2), moreover, the zero solution of (2.3) is uniformly
exponentially stable on [ty,00). Then the zero solution of (2.1) is exponentially stable on
[to, 0), as well.

Next consider the scalar equation with state-dependent delay
z(t) = a(t)g(z(t — 7(t,x))), t > to. (2.6)
On this simple nonlinear equation we show the applicability of our main theorem. We assume
(A1) a: [tg,00) — R is continuous and there exists ag such that |a(t)| < ag for ¢ > t;
(A2) g: (—o0,0) — R is continuously differentiable, g(0) = 0;

(A3) 7: [0,00) x C" — [0,7] is continuous, and there exists a continuous and monotone
nonincreasing function w,: (—o,0) — [0,00) such that |7(¢,¢) — 7(¢,0)| < w,(||¥||) for
v € Be(o), t > to.



Now (Al) and (A2) yield (H1) with f(t,v¢) = a(t)g(¢(—7(t,%))). Consider the time-
dependent linear operator defined by

L(t)yy = a(t)g' (0)y(-7(t, 0)), (2.7)

where 0 is the constant 0 function in C'. Then (Al) and (A2) imply (H2) (i). To show (H2)
(ii), let v € C1 N Be (o). Simple estimates, assumption (A3) and the Mean Value Theorem
yield

[f(t,9) — L(t)¢| la()g(¥(=7(t,))) — a(t)g' (0)¢(=7(t,0))]
la(®)llg((=7(t, %)) — g'(0)b(= (¢ %))l

+ a@®lg ()l (=7 (t,9)) = ¥(=7(t,0))]
aoy (=7 (t, ) lwg ([ (= (t, v)) + aolg' ()& 7 (t, %) —7(t,0)]

ao |9 llwg (1911) + aolg’ )l l|wr (1411,

IN

IN A

where

A
p 96 =@
wy(u) =
0, u = 0.

All conditions of Theorem 2.3 are satisfied, therefore we get immediately the next result.
Theorem 2.4 Assume (A1)-(A3), moreover, the trivial solution of
y(t) = a()g'(O)y(t - 7(t,0)),  t=to

is uniformly exponentially stable on [ty,00). Then the trivial solution of (2.6) is exponentially
stable, as well.

Now suppose Z: [tg—r,00) — R is a fixed solution of (2.6). Next we study the exponential
stability of this solution. Consider the new variable z(t) = x(t) z(t). It satisfies

2(t) = a(t)g (z(t —7(t,ze + T¢)) + T(t — 7(t, 2 + :it))> —a(t)g(z(t — 7(t,7¢))) (2.8)

In order to show the exponential stability of solution Z of (2.6), we apply our Theorem 2.3
to show that the trivial solution of (2.8) is exponentially stable. Let

F(t) = a(t) g (W(=7(t 0 + 7)) + 2t = 7(t.¥ +31)) ) — g(&(t = 7(t.7)))]
and we define the time-dependent linear operator
L)y = at)g (z(t — 7(t,2)))0(—7(t, Ty)), t>ty, el (2.9)

We assume Z: [ty — r,00) — R is a bounded solution of (2.6), i.e., there exists by > 0 such
that |Z(t)| < by for t >ty — r. We need stronger versions of (A2) and (A3):



(A2’) g: (—o,0) — R is twice continuously differentiable, where by < o, and ¢(0) = 0;

(A3) 7: [to,00)xC — [0, 7] is continuous, and also Lipschitz-continuous in its second variable,
i.e., there exists N1 > 0 such that |7(¢,¢) — 7(t,¢)| < Ni|jvp — ¢|| for ¥,¢ € Be(o),
t > to.

Let by be such that by < by < o, and define No = max{|¢’(u)| : v € [~b1,b1]} and
N3 = max{|¢”(u)|: u € [=b1,b1]}. Then

l9(u) = g(s)] < Nalu—s| and |g(u) —g(s) — g'(s)(u — )| < N3(u — s)?
for u,s € [—by,b1]. Let e = by — by. It follows from (2.6)
[2()] = [a(t)||g(z(t — 7(t, 7)) — g(0)| < aoN2|z(t — 7(t,7¢))| < aoNabo, — t > to,

therefore
|Z(u) — Z(s)| < Nylu — s, u, s > to,

where N4 = aoNng.
Now we can show that (H1) and (H2) are satisfied for this example. (H1) follows from
the estimates

f& )] < aoNo|(=7(t, ¥ + @) + 2(t — 7(t, 00 + 2¢)) — 2(t — 7(L, 24))|
< agNa2(1 4+ NNyl t>to, € Bea(e).

(H2) (i) can be shown easily. To prove (H2) (ii) consider
) = L] < la)l|g(w(-r(tw+m) + 3t — 7t ¥+ 7)) — g(7(t - 7(t,70)))

— g/t = r(t,2))e(—r(t, % + 2)|
+a(Ollg’ (#(t = Tt 2 [(=T (¥ +F0)) — (= (t,70))]
< GONS(W.—T(E b+ 2) + Tt — (Y + 2)) — Z(t — 7(t, 7))
+aoNa B[t +71) = 7(t,7)]
< aoNa(l+ NN 6] + aoNi N[ lll, ¢ to, 4 € Be(e) N

Now the following result is the consequence of Theorem 2.3.

Theorem 2.5 Assume (A1), (A2’), (A%’), and let T = Z(-;to, @) : [to —r,00) — R be a
bounded solution of (2.6). Then if the trivial solution of

() = at)g'(@(t — r(t, 7))yt — 7(t,T0)),  t=to

is uniformly exponentially stable on [ty, 00), then T is an exponentially stable solution of (2.6)
on [tg,00), i.e., there exist constants § = 0(tg) > 0, K1 = Ki(tp) > 1 and a; = a;(tg) > 0
such that

|z (s to, ) — T(t;to, @) < Kiem o — 3|, t>ty, |o—@l <4, ¢eC.



3 Proof of Theorem 2.3

Lemma 3.1 Assume (H1). For any initial function ¢ € Beo (e_M”Gl) the solution x(t;to, )
of the IVP (2.1)-(2.2) satisfies

z(t;to, ©)] < M|l < 61,  to<t<to+r. (3.1)

Proof Since ||p| < e ™76, < &1, it follows |z(to;to, )| < 1. Suppose there exists
t1 € (to,to + r) such that

la(tito, )l < e"lell, t€ fto,ta), and [a(tiito, @)| = Ml

Integrating (2.1) we get

t
z(t:to, )] < |(0)] + t | (s,25(-s to, ©))| ds

t
< ol + M / s (-5 o, )| ds
to
t
< loll + M / max le(uto,o)lds, to<t<ti.  (3.2)
toto—rgugs

Define the function z(t) = maxy,—r<y<t |€(u; to, ¢)|. The monotonicity of the right-hand-side
of (3.2) in t and 2z(0) < ||¢|| imply that the function z satisfies

t
z(t) < ||90||+M1/ 2(s)ds,  to<t<t.
to

Thus Gronwall’s inequility yields

2(t) < Mg, to <t <ty
and hence
[2(t13t0, 9)| < 2(t1) < MO o)) < M7
This contradicts to the definition of ¢1, therefore (3.1) holds. 0

Similarly to the proof of Lemma 3.1 one can prove the following estimate for the solutions
of the linear equation (2.3).

Lemma 3.2 Assume (H2) (i). For any initial function ¢ € C the solution y(t;to,p) of the
IVP (2.3)-(2.2) satisfies
ly(t:to, o) < e™=rloll,  t > to.

We define the fundamental solution of (2.3) as the n x n matrix solution of the IVP

%V(t, s) = L{t)Vi(,s), t>s>to, (3.3)

1, t = s,
Vit,s) = {0 b s (3.4)



Here I and 0 denote the identity and the zero matrices, respectively.
If the trivial solution of (2.3) is uniformly exponentially stable on [tg, c0) with exponent
ag, then it is known (see, e.g., [6]), that there exists K3 = K3(tg) > 1 such that

V(t,s)] < Kze™@2t=9) ¢ > 5> 1. (3.5)

Suppose ¢ € C' is such that the solution x(¢;tg, ¢) of the IVP (2.1)-(2.2) exists on [tg,T)
for some T' > to + r. We can rewrite equation (2.1) as

&(t;to, ) = L(t)we(-5t0, o) + f(t, e (520, 0)) — L(t)xe(5t0,0),  t=to+,
therefore the variation-of-constants formula (see, e.g., [6]) yields
a(tito, ) = yltito + 7 Teo4r (5o, ©))
—I—/tt V(t,s) <f(8,:ns(-;t0,g0)) - L(s):ns(';to,@)) ds, to+r<t<T. (3.6)

ot+r

Let 62 = e=™17§;, and suppose ¢ € Bo(d2). Then Lemma 3.1 yields that |z(¢; o, »)| < 61 for
t € [to,to + r]. Therefore |z(t;tg, )| < 01 for t € [tg — 7, T) for some T > to + r.
It follows from (2.5) and (3.1) for ¢t > to +r

(5t + 7, o4 (5 t0, )| < Kaem 270y 4 (50, 9)|| < cre” 2 g, (3.7)
where ¢; = Kqe*?"eM1™, Note that ¢; > 1. Since z4(-;tg, @) € C* for s > tg + r, assumption
(H2) (ii) yields

|f(s,25(5t0, ) — L(s)ws (30, 0)| < [lws(5t0, @) |lwr([l@s (580, 0))
+ (125 (5 20, @) lwz([[#s (3 20, ©)1])-

For s € [to,T) and u € [—r,0] (H1) together with ||zs14(+;t0,¢)|| < 91 implies

(s + wito, @) = £+ s zeruCito, @)| < Millzeea(ito, )| < My _max_fa(usto, o)l

hence

[/ (s, 25(5t0,9)) = L(s)zs(ito @)l < | max_ fa(usto, @)|w(llzs(5to, 0)), (38)

where w(u) = wi(u) + Miws(u), u € [0,01).
It follows from (3.6) and the above estimates for t € [tg + 7, T)

t
(50, )| < cre” 2| + Kze 279 max_ |a(usto, )|w(]|zs (-5 to, ¢)|]) ds.
to+r s—2r<u<s
(3.9)

Let 0 < g9 < 1 be such that Ksw(eg) < g, and for any 0 < € < g¢ let d3 = d3(¢) be

defined by
e(ay — Ksw(e))
C1(x9 ’

(53 = min {(52, (310)



Fix any ¢ € Bc(03), and consider the corresponding solution x(t; g, ¢). Since |x(to;to, ©)| <
d3 < € < 01, the constant T} = sup{s > to: |z(u;to, )| < € for u € [tg,s)} is well-defined
and T7 > tg. Suppose T} is finite. Then |z(T7;to, ¢)| = €, and (3.9) yields with ¢t = T}

Ty K. K.
e < e M0l [ Ky 02T ew(e)ds < ] + B2 < )5, 4 KaewlE)
to+r 2 a9

<e

I

which is a contradiction. Therefore T} = oo, and consequently, T' = oo, as well.
Let 0 < a1 < as be fixed, and 0 < 1 < g9 be such that

ng(€1)
Qo — (1 27

and let d; = J3(e1) be defined by (3.10). Fix any ¢ € Bg(d4). Then |x(t;tg, )| < € for
t > tg — r, and multiplying (3.9) by e (t=10) vields for t > to +r

e2ra1

e (t—to) 2 (t;to, )] < cle—(az—al)(t—to) lell
t

+e(t=t0) Kse U= max_|a(usto, 0)lw(||zs(; to, )| ds.
totr s—2r<u<s

Introduce the function z(t) = e®(t=%)|z(t; tg, ¢)|. Then

t

At) < gl + Ksw(er)e(@2moni—ento / 2 max_ e 1 (0)(y) ds
to+r s—2r<u<s

t

< il + Ksw(ey )e(e2mant+2ra / =S oy (u)ds
to+r s—2r<u<s

t
< allell + Ksw(ey)e™(@2mo0tH2rar pay z(u)/ eloz=a1)s g
to—r<u<t ¢

o+r
K.
< allpl+ ZE) e oy )
Q9 — Q1 to—r<u<t
1
< allell+5, max_z(u),  t=totr (3.11)

For t € [to — r, o]
2(t) = e Tzt 1, )| < lo(t — to)] < Jlgll < erllell,
and for t € [to, to + 7]
2(t) = e a(ts b, )| < M Jl] < eallell,

therefore (3.11) implies

1
< — >
togg};gt'z(u) < allell+ 2 toggﬁgtz(u)’ b2 to,
and hence
z(t) < max  z(u) < 2¢]¢l, t > to.

T to—r<u<t



Consequently,

|z (t; to, )| < 2c1e” (70|, t>ty, ¢ €Bc(ds),

which completes the proof of Theorem 2.3.
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