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Istv�an Gy}ori and Feren HartungDepartment of Mathematis and ComputingUniversity of Veszpr�emH-8201 Veszpr�em, P.O.Box 158, HungaryABSTRACT: In this paper we study preservation of stability under delay perturba-tion in a lass of linear neutral delay di�erential equations.AMS (MOS) subjet lassi�ation. 34K20, 34K401. INTRODUCTIONPreservation of stability under perturbation, unertain equations, robust stabilityhas been studied by many authors for several lasses of funtional di�erential equa-tions (see, e.g., [1℄,[3℄{[6℄, [10℄,[11℄, [15℄{[18℄ and [21℄). Many of these papers deal withperturbation of the delays in retarded di�erential equations, however, to the best ofour knowledge, there is no similar investigation done in this diretion for neutralfuntional di�erential equations (NFDEs).In this paper we study preservation of stability under delay perturbations of thevetor NFDE ddt�x(t)� Cx(t� � � �(t))� = mXi=0 Aix(t� ri � �i(t)): (1.1)We prove (see Theorem 4 below) that if the trivial solution of the \unperturbed"equation ddt�x(t)� Cx(t� �)� = mXi=0 Aix(t� ri) (1.2)is asymptotially stable, then the same remains true for the trivial solution of (1.1),assuming that the delay perturbations are \small". This theorem extends our resultsof [10℄ and [11℄ where similar questions were studied for delay di�erential equations.As a speial ase of Theorem 4 we get that if limt!1 �(t) = 0 and limt!1 �i(t) = 0 fori = 0; : : : ; m, then the asymptoti stability of the trivial solution of (1.2) implies thatof Equation (1.1). This generalizes a result of Ladas et al. [14℄ from delay di�erentialequations to NFDEs.



In the salar ase two standard onditions are given in the literature for theasymptoti stability of (1.2). EitherjCj+ mXi=0 jAijri < 1; mXi=0 Ai > 0; (1.3)or, for m = 0, 2C(2� C) + A0r0 < 32 ; C 2 [0; 1=2); A0 > 0 (1.4)implies the asymptoti stability of the trivial solution of (1.2) (see, e.g., [7℄ and [19℄,respetively, and see [2℄ and [20℄ for the generalization of these results for di�erentlasses of NFDEs). In both ases the asymptoti stability is independent of the delay� of the neutral term of (1.2). But there are equations (see, e..g, Example 3.1 below)where the stability of (1.2) depends on � , as well. In this paper we investigate thismore general ase where we perturb the delay � , as well. This introdues onsiderabletehnial diÆulties to the problem.Setion 2 ontains our perturbation theorems, and in Setion 3 examples andappliations are given. In partiular, as an appliation of Theorem 4 we obtainstability theorems for NFDEs with time-dependent delays.2. MAIN RESULTSConsider the vetor neutral di�erential equationddt�x(t)� Cx(t� � � �(t))� = mXi=0 Aix(t� ri � �i(t)); t � 0 (2.1)with initial ondition x(t) = '(t); �r � t � 0; (2.2)where x(�) 2 Rq , and C;Ai 2 Rq�q . Let j � j denote a �xed vetor norm on Rq . Theorresponding indued matrix norm will be denoted by j � j, as well. Assume(H1) jCj < 1;(H2) 0 < � , 0 � r0 � r1 � : : : � rm, max(�; rm) < r;(H3) � : [0;1) ! R and �i : [0;1) ! R are ontinuous, and 0 � � + �(t) � r,0 � ri + �i(t) � r for t � 0 (i = 0; : : : ; m);(H4) ' : [�r; 0℄! Rq is ontinuous.We onsider the orresponding unperturbed system with onstant delays, i.e.,ddt�y(t)� Cy(t� �)� = mXi=0 Aiy(t� ri); (2.3)and we assume that



(H5) the trivial solution of (2.3) is asymptotially stable.We an rewrite (2.1) in the formddt�x(t)� Cx(t� �)� g(t)� = mXi=0 Aix(t� ri) + f(t); (2.4)where f(t) � mXi=0 Ai�x(t� ri � �i(t))� x(t� ri)� (2.5)and g(t) � C�x(t� � � �(t))� x(t� �)�: (2.6)In this setting (2.4) an be onsidered as the homogeneous equation orrespondingto (2.3). Let T > 0, x be a solution of initial value problem (IVP) (2.1)-(2.2), and yTbe the solution of the homogeneous equationddt�yT (t)� CyT (t� �)� = mXi=0 AiyT (t� ri); t � T; (2.7)orresponding to the initial onditionyT (t) = x(t); for � r � t � T: (2.8)Assumption (H5) implies that limt!1 yT (t) = 0 for any T > 0, sine (2.7) is anautonomous equation. The variation-of-onstants formula (see, e.g., [12℄) gives thefollowing expression for the solution of IVP (2.1)-(2.2):x(t) = yT (t)+g(t)�V (t�T )g(T )�Z tT g(s) dsV (t�s)+Z tT V (t�s)f(s) ds; t � T;(2.9)where V (�) 2 Rq�q is the fundamental solution of (2.7), i.e., the solution of thefollowing IVP ddt�V (t)� CV (t� �)� = mXi=0 AiV (t� ri); t � 0; (2.10)and V (t) = � I; t = 0;0; t < 0: (2.11)Here I and 0 denote the identity and the zero matrix, respetively. It is known (see,e.g., [12℄) that V is absolutely ontinuous on the intervals (k�; (k+1)�), k = 0; 1; : : :,the right- and left-sided limit of V exist at eah points k� , and V (k�+)� V (k��) =Ck. Therefore (2.9) an be rewritten asx(t) = yT (t)� V (t� T )g(T ) + [ t�T� ℄Xk=0 Ckg(t� k�) + Z tT _V (t� s)g(s) ds+ Z tT V (t� s)f(s) ds; t � T: (2.12)



It is known (see, e.g., [12℄) that if (H5) holds then V tends to zero exponentially,therefore R10 jV (s)j ds <1. But then, by the next proposition, R10 j _V (s)j ds is �nite,as well.Proposition 1 The fundamental solution of (2.3) satis�esZ 10 j _V (s)j ds � Pmi=0 jAij1� jCj Z 10 jV (s)j ds:Proof The statement follows from the inequalityj _V (t)j � jCjj _V (t� �)j + mXi=0 jAijjV (t� ri)j; a.e. t � 0by integrating it from 0 to t, hanging variables, and using that V (t) = 0 and _V (t) = 0for t < 0. 2For simpliity of the presentation we extend �(t) to (�1; 0) by �(t) = �(0).Introdue the following sequene of funtions�0(t) � t; �1(t) � t� � � �(t); �j+1(t) � �1(�j(t)) for j = 1; 2; : : : : (2.13)It is easy to see that�j(t) = t� j� � j�1Xk=0 �(�k(t)); j = 1; 2; : : : : (2.14)Assumption (H3) yields that 0 � � + �(t) � r for all t, thereforet� jr � �j(t) � t for t � 0 and j = 0; 1; : : : :In partiular, if t � T , and n = n(t) � �t� Tr � ; (2.15)where [�℄ is the greatest integer part funtion, then for all s � tT � �j(s) � s; j = 0; 1; : : : ; n; and T � r � �n+1(s) � s: (2.16)Assumption (H3) implies that �� � �(t) � r � � , hene j�(t)j � max(r � �; �) fort � 0. Suppose j�(t)j � b; for t � T (2.17)for some nonnegative onstants T and b. Let T � t1 � t2, n = n(t1) be de�ned by(2.15). Then it follows from (2.14) and (2.17) thatj�j(t2)� �j(t1)j � jt2 � t1j+ j2b; j = 0; 1; : : : ; n: (2.18)The proof of our main result will be based on the following proposition.



Proposition 2 Assume (H1){(H4) and suppose (2.17) holds for some T � 0 and0 � b � r. Let x be the solution of IVP (2.1)-(2.2), and T � t1 � t2, t2 � t1 � r.Then there exists a monotone dereasing funtion h : [0;1) ! [0;1) satisfyinglimu!1 h(u) = 0, suh thatjx(t2)� x(t1)j�  2jCj t1�Tr + 11� jCj mXi=0 jAijjt2 � t1j+ 2jCjb(1� jCj)2 mXi=0 jAij! maxT�u�t2 jx(u)j+h(t1 � T ) � maxT�r�u�T jx(u)j: (2.19)Proof Let n = n(t1) be de�ned by (2.15). Integrating (2.1) from t1 to t2, andapplying the resulting relation n times, we getx(t2)� x(t1)= C�x(�1(t2))� x(�1(t1))�+ mXi=0 Ai Z t2t1 x(s� ri � �i(s)) ds= Cn+1�x(�n+1(t2))� x(�n+1(t1))� + nXj=0 Cj mXi=0 Ai Z �j(t2)�j(t1) x(s� ri � �i(s)) ds:Therefore relations (2.16) and T + r � �j(s) for t1 � s and j = 0; 1; : : : ; n� 1 implyjx(t2)� x(t1)j� 2jCjn+1 maxT�r�u�t2 jx(u)j+ n�1Xj=0 jCjj mXi=0 jAijj�j(t2)� �j(t1)j maxT�u�t2 jx(u)j+ jCjn mXi=0 jAijj�n(t2)� �n(t1)j� maxT�r�u�T jx(u)j+ maxT�u�t2 jx(u)j�:Then (2.17), (2.18), P1j=0 jCjj = 11�jCj and P1j=1 jjCjj = jCj(1�jCj)2 yieldjx(t2)� x(t1)j� 2jCjn+1 maxT�r�u�t2 jx(u)j+ nXj=0 jCjj mXi=0 jAij(jt2 � t1j+ j2b) maxT�u�t2 jx(u)j+ jCjn mXi=0 jAij(jt2 � t1j+ n2b) maxT�r�u�T jx(u)j�  2jCjn+1 + jCjn mXi=0 jAij(jt2 � t1j+ n2b)! maxT�r�u�T jx(u)j+ 2jCjn+1 + 11� jCj mXi=0 jAijjt2 � t1j+ 2jCjb(1� jCj)2 mXi=0 jAij! maxT�u�t2 jx(u)j:Hene the statement of the proposition follows from the inequality t1�Tr �1 < n � t1�Trusing the funtion h(u) � 2jCjur + jCju�rr mXi=0 jAij(d+ 2u); (2.20)



where d � r is seleted suh that h be monotone dereasing. 2Proposition 3 The solution, x, of (2.1)-(2.2) satis�esjx(t)j � 1 + jCj1� jCjk'k exp�Pmi=0 jAij1� jCj t� ; t � 0;where k'k = maxfj'(t)j : t 2 [�r; 0℄g.Proof Integrating (2.1) from 0 to t and applying simple estimates we getjx(t)j � jCjjx(t����(t))j+j'(0)j+jCjj'(����(0))j+ mXi=0 jAij Z t0 jx(s�ri��i(s)j ds:Therefore jx(t)j � jCjw(t) + (1 + jCj)k'k+ mXi=0 jAij Z t0 w(s) ds;where w(t) � maxfjx(u)j : �r � u � tg. The right-hand-side is monotone in t,therefore it impliesw(t) � jCjw(t) + (1 + jCj)k'k+ mXi=0 jAij Z t0 w(s) ds;and hene w(t) � 1 + jCj1� jCjk'k+Pmi=0 jAij1� jCj Z t0 w(s) ds:The statement of the proposition follows from Gronwall's inequality. 2Theorem 4 Assume (H1){(H5), and suppose the delay perturbations satisfyK limu!1j�(u)j+ a1� jCj Z 10 jV (s)j ds mXi=0 jAij limu!1j�i(u)j! < 1; (2.21)whereK � (1 + jCj)jCja(1� jCj)3 + (1 + jCj)jCja(1� jCj)2 Z 10 j _V (s)j ds+ 2jCja2(1� jCj)2 Z 10 jV (s)j ds;a � Pmi=0 jAij, and V is the fundamental solution of (2.3). Then the trivial solutionof (2.1) is asymptotially stable.Proof It follows from the assumptions that there exists Æ > 0 suh thatK( limu!1j�(u)j+ Æ) + a1� jCj Z 10 jV (s)j ds mXi=0 jAij( limu!1j�i(u)j+ Æ)! < 1; (2.22)



and limu!1j�(u)j+Æ � r. The last relation follows from the inequality j�(t)j < max(r��; �) < r for t � 0. To this Æ we an hoose T � 0 suh thatj�(t)j < limu!1j�(u)j+ Æ; j�i(t)j < limu!1j�i(u)j+ Æ; for t � T; i = 0; : : : ; m:(2.23)Proposition 2 with b � limu!1j�(u)j + Æ � r, t2 � max(t � � � �(t); t � �) and t1 �min(t� � � �(t); t� �) implies for t � T thatjg(t)j � jCjjx(t� � � �(t))� x(t� �)j� jCjh(t1 � T ) � maxT�r�u�T jx(u)j+�2jCj t1�Tr +1 + (1 + jCj)jCj(1� jCj)2 a( limu!1j�(u)j+ Æ)� maxT�u�t2 jx(u)j:For simpliity, we extend the funtion h to t < 0 by h(t) = h(0). Then the mono-toniity of h and the inequalities t� r � t1 � t2 � t implyjg(t)j � jCjh(t� T � r) � maxT�r�u�T jx(u)j+ �2jCj t�Tr + (1 + jCj)jCj(1� jCj)2 a( limu!1j�(u)j+ Æ)� maxT�u�t jx(u)j (2.24)for t � T . Similarly,jf(t)j � ah(t� T � r) maxT�r�u�T jx(u)j+ 2ajCj t�T�rr maxT�u�t jx(u)j+ a1� jCj mXi=0 jAij( limu!1j�i(u)j+ Æ) maxT�u�t jx(u)j+ 2jCja2(1� jCj)2 ( limu!1j�(u)j+ Æ) maxT�u�t jx(u)j; t � T: (2.25)Next we show that the trivial solution of (2.1) is stable. For this it is enough toshow that the solution x of (2.1)-(2.2) orresponding to an initial funtion satisfyingk'k � 1 is bounded on [0;1) by a onstant independent of '.Let t � T be �xed and let p = p(t) � � t�T� �. It follows from (2.12) thatjx(t)j � jyT (t)j+ jV (t� T )jjg(T )j+ pXk=0 jCjkjg(t� k�)j+ Z tT j _V (t� s)jjg(s)j ds+ Z tT jV (t� s)jjf(s)j ds: (2.26)We estimate the last three terms of (2.26) separately. An appliation of (2.24) yieldspXk=0 jCjkjg(t� k�)j� pXk=0 jCjk+1h(t� k� � T � r) � maxT�r�u�T jx(u)j+ 2 pXk=0 jCj t�k��Tr +k maxT�u�t jx(u)j



+ (1 + jCj)jCj(1� jCj)2 a( limu!1j�(u)j+ Æ) pXk=0 jCjk maxT�u�t�k� jx(u)j� pXk=0 jCjk+1h(t� k� � T � r) � maxT�r�u�T jx(u)j+ 2 jCj t�Tr1� jCj1� �r maxT�u�t jx(u)j+ (1 + jCj)jCj(1� jCj)3 a( limu!1j�(u)j+ Æ) maxT�u�t jx(u)j: (2.27)To estimate the �rst term of (2.27) we use the de�nition of h given by (2.20). WehavepXk=0 jCjk+1h(t� k� � T � r)= 2 pXk=0 jCj t�k��Tr +k + a(d+ 2t� 2r � 2T ) pXk=0 jCj t�k��T�rr +k� 2a� pXk=0 kjCj t�k��T�rr +k� 21� jCj1� �r jCj t�Tr + a(d+ 2t� 2r � 2T )1� jCj1� �r jCj t�T�rr � 2a� jCj1� �r(1� jCj1� �r )2 jCj t�T�rr :De�ne the funtion ~h : [0;1)! [0;1) by~h(u) � 21� jCj1� �r jCjur + a( ~d+ 2u� 2r)1� jCj1� �r jCju�rr � 2a� jCj1� �r(1� jCj1� �r )2 jCju�rr ;where ~d � d is seleted so that ~h be monotone dereasing. Then limu!1 ~h(u) = 0,and (2.27) yieldspXk=0 jCjkjg(t� k�)j � ~h(t� T ) � maxT�r�u�T jx(u)j+ 2 jCj t�Tr1� jCj1� �r maxT�u�t jx(u)j+ (1 + jCj)jCj(1� jCj)3 a( limu!1j�(u)j+ Æ) maxT�u�t jx(u)j: (2.28)Let T < S, where S will be spei�ed later. It follows from Proposition 3 that thereexist onstants XS > 0 and GS > 0 suh that and jx(s)j � XSk'k � XS andg(s) � GSk'k � GS for s � S. Then (2.24) implies for t � SZ tT j _V (t� s)jjg(s)j ds= Z ST j _V (t� s)jjg(s)j ds+ Z tS j _V (t� s)jjg(s)j ds� GS Z t�Tt�S j _V (s)j ds+ jCjXSh(S � T � r) Z tS j _V (t� s)j ds+�2jCjS�Tr + (1 + jCj)jCj(1� jCj)2 a( limu!1j�(u)j+ Æ)�maxT�u�t jx(u)j Z tS j _V (t� s)j ds:(2.29)



Similarly, there exists FS > 0 suh that jf(s)j � FSk'k � FS for s � S. Then (2.25)implies for t � SZ tT jV (t� s)jjf(s)j ds� FS Z t�Tt�S jV (s)j ds+ aXSh(S � T � r) Z tS jV (t� s)j ds+  2ajCjS�T�rr + a1� jCj mXi=0 jAij( limu!1j�i(u)j+ Æ)+ 2jCja2(1� jCj)2 ( limu!1j�(u)j+ Æ)� � maxT�u�t jx(u)j Z tS jV (t� s)j ds: (2.30)Combining inequalities (2.26), (2.28), (2.29) and (2.30), we get for T < S � tjx(t)j� jyT (t)j+ jV (t� T )jjg(T )j+GS Z t�Tt�S j _V (s)j ds+ FS Z t�Tt�S jV (s)j ds+�~h(S � T ) + h(S � T � r)�jCj Z 10 j _V (s)j ds+ a Z 10 jV (s)j ds��XS+ 2 jCjS�Tr1� jCj1� �r + 2jCjS�Tr Z 10 j _V (s)j ds+ 2ajCjS�T�rr Z 10 jV (s)j ds!maxT�u�t jx(u)j+ ( limu!1j�(u)j+ Æ)�(1 + jCj)jCja(1� jCj)3 + (1 + jCj)jCja(1� jCj)2 Z 10 j _V (s)j ds+ 2jCja2(1� jCj)2 Z 10 jV (s)j ds� maxT�u�t jx(u)j+ a1� jCj mXi=0 jAij( limu!1j�i(u)j+ Æ) maxT�u�t jx(u)j Z 10 jV (s)j ds: (2.31)Let MÆ denote the left-hand-side of inequality (2.22), and de�ne the funtions�(t) � jyT (t)j+ jV (t� T )jjg(T )j+GS Z t�Tt�S j _V (s)j ds+ FS Z t�Tt�S jV (s)j ds;�(u) � ~h(u� T ) + jCjh(u� T � r) Z 10 j _V (s)j ds+ ah(u� T � r) Z 10 jV (s)j ds;and (u) � 2 jCju�Tr1� jCj1� �r + 2jCju�Tr Z 10 j _V (s)j ds+ 2ajCju�T�rr Z 10 jV (s)j ds:Sine limu!1 (u) = 0, there exists S > T suh that (S) < (1�MÆ)=2. With thisS and the notations introdued above, (2.31) simpli�es tojx(t)j � �(t) + �(S)XS + 1 +MÆ2 maxT�u�t jx(u)j; t � S: (2.32)



The assumptions imply that there exists a onstant �0 > 0 suh that �(t) � �0 forall t � 0, therefore (2.32) yields thatmax0�u�t jx(u)j � XS + �0 + �(S)XS + 1 +MÆ2 max0�u�t jx(u)j; t � 0;i.e., max0�u�t jx(u)j � 2(XS + �0 + �(S)XS)1�MÆ ; t � 0:This proves that the solution orresponding to any initial funtion k'k � 1 isbounded, i.e., the trivial solution of (2.1) is stable. In partiular, we get that theonstants FS, GS and XS we used above an be seleted independently of S.Finally, we show that limt!1 x(t) = 0 for any '. We may assume that, in additionto (2.23), T satis�es jx(t)j � limu!1jx(u)j+ Æ; t � T: (2.33)Then using that limt!1 �(t) = 0, (2.32) implieslimu!1jx(u)j � �(S)XS + 1 +MÆ2 ( limu!1jx(u)j+ Æ);therefore 0 � limu!1jx(u)j � 2�(S)XS1�MÆ + Æ 1 +MÆ1�MÆ :This implies limu!1jx(u)j = 0, sine the right-hand-side an be arbitrary small, sine Æand S an be hosen arbitrary small and arbitrary large, respetively. 2In the speial ase when the delay perturbations tend to 0, the theorem has thefollowing orollary, whih extends a result of Ladas et at. [14℄ for neutral equations.Corollary 5 Assume (H1){(H5), andlimt!1�(t) = 0; and limt!1 �i(t) = 0 for i = 0; : : : ; m:Then the trivial solution of (2.1) is asymptotially stable.Theorem 4 and Proposition 1 imply:Corollary 6 Assume (H1){(H5), and the delay perturbations satisfy�(1 + jCj)jCja(1� jCj)3 + (3� jCj)jCja2(1� jCj)3 Z 10 jV (s)j ds� limu!1j�(u)j+ a1� jCj Z 10 jV (s)j ds mXi=0 jAij limu!1j�i(u)j! < 1;where a � Pmi=0 jAij, and V is the fundamental solution of (2.3). Then the trivialsolution of (2.1) is asymptotially stable.



Proposition 7 If the trivial solution of (2.3) is asymptotially stable, then the fun-damental solution of (2.3) satis�es mXi=0 Ai!Z 10 V (s) ds = �I and (I � C)Z 10 _V (s) ds = �I:Proof By integrating (2.10) from 0 to t > 0 we getV (t)� CV (t� �)� V (0) + CV (��) = mXi=0 Ai Z t0 V (s� ri) ds:A hange of variables in the integrals and the assumed initial onditions V (0) = Iand V (t) = 0 for t < 0 yieldV (t)� CV (t� �)� I = mXi=0 Ai Z t�ri0 V (s) ds;whih implies the �rst statement by taking the limit t ! 1. The seond relationfollows from the identityZ T0 _V (s) ds = C Z T0 _V (s� �) ds+ mXi=0 Ai Z T0 V (s� ri) ds: 2For a speial lass of salar equations the previous result gives an expliit onditionfor stability. Consider the salar neutral equationddt�x(t)� x(t� � � �(t))� = � mXi=0 aix(t� ri � �i(t)); t � 0 (2.34)and the orresponding unperturbed equationddt�y(t)� y(t� �)� = � mXi=0 aix(t� ri); t � 0: (2.35)Note that we used negative sign of the oeÆients on the right-hand-side of theequations. If the fundamental solution of (2.35) is nonnegative, then Proposition 7gives expliite value of the integral of the absolute value of the fundamental solutionwe used in our onditions before. The following result from [8℄ gives a onditionguaranteeing the positiveness of the fundamental solution.Proposition 8 (see Lemma 2.1 of [8℄) If 0 <  < 1, ai � 0 (i = 0; : : : ; m), and theharateristi equation �(1� e��� ) = � mXi=0 aie��ri (2.36)of (1.2) has a real solution, then the fundamental solution v(t) of (2.35) satis�esv(t) > 0 for t � 0, limt!1 v(t) = 0, and _v(t) � 0 for a.e. t > 0.



In the next proposition a simple expliit ondition is given guaranteeing the exis-tene of a real root of (2.36).Proposition 9 Assume 0 <  < 1, ai � 0 (i = 0; : : : ; m), ande �d�1 + d mXi=0 ai � 1e ; where d � maxfr0; : : : ; rmg: (2.37)Then the fundamental solution v(t) of (2.35) satis�es v(t) > 0 for t � 0, limt!1 v(t) =0, and _v(t) � 0 for a.e. t > 0.Proof Let p(�) � �(1�e��� )+Pmi=0 aie��ri, then p(0) > 0. For d � maxfr0; : : : ; rmgwe have p��1d� � �1d �1� e �d �+ mXi=0 ai! e:Hene, if (2.37) holds, then the harateristi equation (2.36) has a root in the interval[�1=d; 0). Therefore Proposition 8 implies the statement. 2Theorem 4, Propositions 7 and 9 imply immediately the next result.Corollary 10 Assume(i) 0 <  < 1, ai � 0 (i = 0; : : : ; m),(ii) e �d�1 + d mXi=0 ai � 1e , where d � maxfr0; : : : ; rmg,
(iii) 4 mXi=0 ai(1� )3 limu!1j�(u)j+ 11�  mXi=0 ai limu!1j�i(u)j < 1.Then the trivial solution of (2.34) is asymptotially stable.3. APPLICATIONSIn the ase when R10 jv(t)j ds and R10 j _v(t)j ds an not be omputed analytiallythe ondition of Theorem 4 an be heked numerially, sine it is easy to obtain goodnumerial approximations of these integrals. The next example illustrates this ase.Example 3.1 Consider the NFDEddt�x(t)� 0:5x(t� 2:4� �(t))� = �x(t� 1� �(t)); t � 0; (3.1)



and its \unperturbed" equationddt�y(t)� 0:5y(t� 2:4)� = �y(t� 1); t � 0: (3.2)We omputed the numerial approximation of the fundamental solution v of (3.2)using the following numerial sheme introdued in [9℄ and [13℄:z(n + 1) = z(n)� 0:5z(n+ 1� [2:4=h℄) + 0:5z(n� [2:4=h℄)� 0:5hz(n� [1=h℄); n � 0z(0) = 1;z(n) = 0; n < 0;where h is the stepsize of the numerial approximation, [�℄ is the greatest integerfuntion, and z(n) is the numerial approximation of the value of the fundamentalsolution at the mesh point nh. Figure 1 ontains the orresponding result for h = 0:01.We an observe from this graph that the trivial solution of (3.2) is asymptotiallystable. Note that numerial studies show that the asymptoti stability of (3.2) is lostif we inrease the delay 2.4 of the neutral term to 3.3 or derease it to 1. Therefore inthis example the stability of the trivial solution of the equation depends on the delayof the neutral term.We de�ne a sequene w(n) by the same de�nition as z(n), exept that w(0) = 0.Then this sequene approximates the left-sided limit of the value of the fundamen-tal solution at mesh points. Using this two sequenes and the trapesoidal-rule, weapproximated Z 10 jv(t)j ds � h2 NXi=0 (jz(i)j+ jw(i+ 1)j);where N is suÆiently large. We got R10 jv(t)j ds � 3:0306077. De�ne the sequenesz0(n) and w0(n) byz0(n) = �0:5z0(n� [2:4=h℄)� z(n� [1=h℄); n � 0;z0(n) = 0; n < 0and w0(n) = �0:5w0(n� [2:4=h℄)� w(n� [1=h℄); n � 0;w0(n) = 0; n < 0;respetively. Then z0(n) and w0(n) approximate the right- and the left-sided deriva-tives of v at the mesh point nh. Then, similarly to the approximation of R10 jv(t)j ds,we an get, using the sequenes z0(n) and w0(n), that R10 j _v(t)j ds � 3:9210814. ThenTheorem 4 yields that if the delay perturbations � and � satisfy29:885675 � limt!1j�(t)j+ 6:0612154 � limt!1j�(t)j < 1;then the trivial solution of (3.1) is asymptotially stable. Figure 2 ontains the numer-ial approximation of (3.1) orresponding to the initial funtion of the fundamentalsolution and to delay perturbations �(t) = 0:1 sin(5t) and �(t) = 0:4 + 3=(t+ 1).
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Figure 2: x(t)�(t) = 0:01 sin(6t), �(t) = 0:1 + 3=(t + 1)As an appliation of the results of the previous setion we present stability theo-rems for the salar NFDEddt�x(t)� x(t� �(t))� = � mXi=0 aix(t� �i(t)); t � 0; (3.3)where 0 � �(t) � r and 0 � �i(t) � r (i = 0; : : : ; m) for t � 0. Suppose 0 <  < 1,Pmi=0 ai > 0, let 1 < � < 1 be arbitrary, and de�ne� � (1� �) ln�Pmi=0 ai :Then � � �Pmi=0 ai1�� < 0 is a root of the equation�(1� e��� ) = � mXi=0 ai;therefore, by Proposition 8, the trivial solution of the neutral equationddt�y(t)� y(t� �)� = � mXi=0 ai! y(t) (3.4)is asymptotially stable, and its fundamental solution, v, is positive and _v(t) � 0 fort � 0. Then if we onsider (3.3) as the delay perturbed equation of (3.4), we get thefollowing result.Proposition 2 Assume(i) 0 <  < 1, Pmi=0 ai > 0, 1 < � < 1 ,(ii) 4(1� )3  mXi=0 ai! limu!1 �����(u)� (1� �) ln�Pmi=0 ai ����+ 11�  mXi=0 ai limu!1�i(u) < 1.



Then the trivial solution of (3.3) is asymptotially stable.Finally we ompare the stability of (3.3) to that of the equationddt�x(t)� x(t� �)� = � mXi=0 ai!x(t� d); t � 0: (3.5)Corollary 10 implies immediately:Corollary 3 Assume(i) 0 <  < 1, ai � 0 (i = 0; : : : ; m),(ii) e �d�1 + d mXi=0 ai � 1e ,(iii) 4 mXi=0 ai(1� )3 limu!1j�(u)� � j + 11�  mXi=0 ai limu!1j�i(u)� dj < 1.Then the trivial solution of (3.3) is asymptotially stable.Example 3.4 Consider the NFDEddt�x(t)� 0:5x(t� 0:05)� = �0:5x(t� r); t � 0: (3.6)For � = 0:05 and d = 0:25 ondition (ii) of Corollary 3 is satis�ed. Therefore ondition(iii) of the same orollary yields that if jr � 0:25j < 1 then (3.6) is asymptotiallystable. This holds, e.g., for r = 1, as well, but the asymptoti stability of (3.6) in thisase does not follow from onditions (1.3) or (1.4).ACKNOWLEDGEMENTThis researh was partially supported by Hungarian National Foundation for Si-enti� Researh Grant No. T031935 and Janos Bolyai Researh Grant of the Hun-garian Aademy of Sienes. REFERENCES[1℄ B. R. Barmish and Z. Shi, Robust stability of perturbed systems with timedelays, Automatia, Vol. 25, No. 3 (1989) pp. 371{381.[2℄ M. Bartha, On stability properties for neutral di�erential equations with state-dependent delays, Di�. Eqns. Dyn. Systems., Vol. 7, No. 2 (1999) pp. 197{220.
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