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ON THE DEFINITIONS OF COﬁPﬁTABLE ANALYSIS
by Istvén SZALKAI
/Budapest,B6tvis Lordnd University/

In my paper I examine the basic definitions of conputable
analysis and their equivalence.Some part of these investiga-
tions can be found in the literature but as far as I know
there is not a complete collection of these investigations
like my present paper.Proofs are omitted because of their
length.

§.1. COMPUTABLE REAL NUMBERS

DEF.1.3/29/,/35/. 4 real number x is recursive computable if
there is a natural number g) 2 and recursive tunction T such
that ¥n 04f/n/dg emd x =3y f/i/-gt .
D3rP.2.:/60/. A real number x is called recursive real number
if there is a recursive function f such that ¥n 0<f/n/< n
and x =Zi_° (1) /4t .

TF.3.: A real number X is recursive computable if the func-
tion f/n/=[nx] [the integer part of x/ is recursive.
DEF.4.A real number x is recursive computable if there is 2
Tecursive function £ such that ¥n lt(n)/n-x | {i/m .
DEF.5.3/1/. A function f:Qe&>Q is programmable if there
are recursive functions g,h and k such that for every retio-
nal number x= (r-s)/(ht) £/x/= (g/r.a.t/-h/r,s.t/) /

/ (146/r,8,t/) nolds.

LEP.6.3 A Teal number x is recuwrsive computable if there is
a programmable function f such that for every positive ra -
tional number r |x-f£/r/|{ r holds .

DEP.7.:/39/.A Teal number x is called recursive computable
if there are recursive functions a, and bh such that l<b
and OCa { b, for every n and x= Zn-—-oa /e, vhere c=
=b1b2...b » LThis sum is called generalized cantot-sum.'f
DEF.8.1/55,60,65,77/. A real number x is recursive computable
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if there are recursive functions f,g,h and k such that
votm (a>k/n/ => |xg-x| {1/n) where x,=E/B/-8/n
DEF.9.: The same as def.8, but xm=3t'(f/m/ where 2’

is a fixed recursive bijection ma~ping from N to Q .
DEF.10.:The same as def.8. with [r -r ,| {1/a for every
n,n’ > k/m/ .The last assertation can be changed to

¥a,n? ’rn—rn,[(llmin (n,n’) or to ¥n,n’ [rn- n.l( % + %,.
DEF.1lls.t & real number x is recursive computable if +the
relations ®"m/n>x" and "m/nx® are recursive .

DEF.12:A real number x is recursive computable if there are
recursive functions £ ,fz.gl.gz,hl h2 such  that x‘nnoErn ]
where r = (filﬂ/-gl/n/) 'd (1+hl/n/) and s =#(fz/n/-gz/n/)/
/(usmyfol)

DEF.13.4 programmable function f is a recursive process if
¥r,s€Q , s>0 and r>0 then |f/r/-f/s/|{r+e . Two recur-
sive proceasoarcequivalent if lq:r:/-lerﬁ(r for every posi-
tive rational number r. The equivalence classes of this
relation are called recursive real numbers./cf./1/./

THECREM liia‘/ The above defimitions are equivalent in case
you allow total and partial recursive functions.

b;/ Denote by Ri the set of computahle recursive real numbers
in the sense of definition'i in case primitive recursive
functions are albwed only , Then

Ry=Ry=Ry,F R} § Ry ¥R, =Re=Rg™Rg =R) (G Ryo -

§.2,COMPUTABLE SEQUENCES

DEF,.14.:/56/.4 sequence';?s recursive computadble if there is
a recursive function £ such that lxk-f (k,n)/n‘ (1/n for
every k and n .
DEF.15.:A sequence Xy is recursive computable if there are
a natural number p and a recumsive function f such that

had n
X =2 oo T(2K) /2% and vakoL£in b <P
DEF.16.:A sequence Xy is recursive computable 1f there is a

-~ 129 -

recursive function f such that for every natural number p>1
Ve 04f/nk,p/ Lp and x =30  t/nk,p/p" .

DiF.17.3 4 se%uence x, is recuyrsive computable if the re-
lation m/n>x,  is recursive .

DEF.18.: A sequence X ia recursive computable if the re-
lation "w/n{ x,™ is recursive.

DEF.13.: A sequence X, is recursive computable if there

are recursive functions f,g7 I}d hlsuch that
tfo,8/-g/n,if
¥n,m (4>%/nm/ => e s ] L1/
X, 3
DEF.20.: /1/. A sequenﬂis recursive computable if there 1is

a computable function /in the sense of def. 2% ./ such that
xnsf/n/ .

TREQREM 2.: Denote by Si the set of computable sequences
in the sense of the abové"ﬂ'efinitions [where arbitrary rec-
ursive functions are allowed?. Then 519-520-514* 15___; lG#‘

257Vss -

§.3.,COMPUTABLE FUNCTIONS

DOF .21../57/. A function £:R-»R is recursive computable if
there is a programmable function g such that lf/r/ g/m,r/] (-—
for every rational number r and natural number m.
DEF.22.5 /€5/+ A function is recursive computable if Dom/f/
is an interval with computable recursive real endpoints and
there are programmable functions g and h such that

¥x,T,n0 (Ix-rl(l/h(n) => |¢/x/ - ¢/n,x/| {1/n .)
DEF.23.:/1,10,11/. A function f is recursive computable if
there is a recursive function F with the following proper-
tiess/i/ £/x/=y &= t[Nx/=Ny for every computable recur-
sive real number x and y where Nx denotes the Gtdel=-number
of x .
/ii/ if x is a computable recursive real number then so is

F/Nx/ .

/111/ if N and M are Godel pumbers of x then ¥/N/=P/¥/.
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DEP:24,3 A function f is recursive computable if there are
programmable functions h and g such that <for every r€Q
,m ( n >h/n/ => l2/2/ - g/n."‘(n)/ ’ Ll/m) /8£.9,21/,
DEF,25,; A function f is computable /in recursive way/ if
there are recursive functions g,k,h,u,v such that for every
ratioral number  x=p/q , y*r/s and natural number € ,m,n :
| x=y1<1/a (€ w2y, £ 18 amd n,myv(8) =>|x,-x | <1/
("ham X,= ( Po‘hn/'k/_POQ-h/) / (1+b/?'q'!l/)
and y = (g/r,a,n/—k/r;,a,n/){ (1+h/x-,s.n0),’
and. f/x/=limx . [ct,/T1/./
DEF;26,:The rocursive computalle functions are ‘the equivalence
classes of the equivalence relation fmg {=> |f/m,r/-g/m,z/K
{1/m (tdr every m,r)}defined on the set of programmable
Iunctim./cf./l4,21 -/
DEFs27,3A function f is recureive computable if t/x/ 18 a
computable sequence /in the sense of def.l4.] for every
computable sequenée xk.jln this case £ is often called rTec.
comp,in the sense of Banach-Mazur/.
DEF.28,3/27,65/.A function £ is recursive computable if it
is rec.,comp.in the sense of the previous def.and there is a
recursive function & :¥n,¥x,y€Dom/£/:|x-y | Ll/d(n)impnes
|£/x/=2/y/ | & 1/n and Dom/f/ 1s an interval with computable
endpoints. .
DEP229:3In this definition I define the notion of recursive
functionals /cf£.25./ A functional 6 maps from B g a¥ e,
Basic functionals are the following functionalsil.u/f/=f,
2.-/:.3/-2—;.3.2/!,g/nt‘.4.S/t/(,x)= x+l .de can build new
functionals with the help of the following operations:
composition /=superposition/ swe get Y from € and ¥ :
2(4'.34.-4 1% (ﬂt,.-- Xg.g, X¢r1)yenn, i.,ﬁ,'_ﬁ,.‘j“) - ‘
= PP (x4 xg4,0< 44, 9 > (Y5, 90) 5 Reae, x&>
repeating and using fictive variables,and the operztor:
(RO AW D)= min {2 [ 9 L, 15044, )4
A functional is recursive/or computable/ ff it ¢2n be built
from the basic functionals in finite steps.
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DEF.30.:/25,61,65,75/.A functiot®s recursive cumputabie 1#
there is a recursive functionsl § such that ¥a € R¥y cx“

12 %EN |g(k) fu-dCi/k then ¥ex 1552_3_&.:/3/( {
k

DEF.31.3/27/.A function £ is recursive computable if for every
recursive functions gsh, there are recursive functions '

h*, @’ such that if T, ‘ZE‘L'_}‘-% then f/r,/ = n/=h’/n

¥ /% , /!
and there is 3 recursive funetion d such that if |x-yi<1/8(n)

then ‘f/x/-r/y/] { 1/n tor every x,y€Dom/f/ ard natural nume
ber n,

DEF.32.:4 'function £ is recursive computable if

/4/ £ is continuous 111/ €/x /=’ [see def,31.7
/iii/there is a recursive function g such that

¥a1,n,k€ X¥a, b€ R if r L 8, andja-bi{1/g (m,n,k) then
l2/e/=2/0/} C1/c ¥ :

DEF.33.: A function £ is pecursive computable if

/i/ £ is continuous /ii/Srec.funct.g:¥a,k |5£'—‘g‘3£- -t/rn/’(%
v/ii{/ there is a recursive function g’such that rn(re,rt(rm
and |r -z | & llg’(m,n,k) implies 'g/!‘,k/-g/t,k/[<3 .
DER,54.2 A function £ is recursive computable if

/4/ and /1i1/ as in the previous definition

/:‘%' t/r/ = 1ym BBk

fi1/** the sequence’is converge#tis computabie senme
DEF.35.:Let 8, _ ' 2 recursive listing of the intervals with
rational endpoints.A function is recursive computable if

J1r VFRVAE R TeouRYge nerpiesalydy-shat

/18/  -t= a€s, => In€N ags and 8g/n/< ®n

/13i/ ¥n,kEN s,& 8, and nyk = 8¢/n/ € Sg/v/

DEF.36.: A function f ie recursive computable if there is a
recursive function g such that

/i/ ¥ a&R ¥ me N ags, =f/a/€s

/i1/ ¥ ab,€ R b £2/a/ => IneN a€s and b#sdn/
DEF.37.: A function f is recursive computable 1f there are

®in these points {rn] né€x } = Q a recursive listing
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recursive functic’ms d,s,a,b (and g such that
if g/NyM/ £ n and x| { N then 1‘/1:/—?N M/x/[ £ 1/
where PN'n/x/ - Zgﬁg’ﬂl—lﬁln’ﬂ'j]a(N,n.j)/b(N,n,j)xj

TKROREM 3,: Denote by P, the set of computable functions in
sense of the deﬁniﬁionél.Then

r22=r23=ra5=1:ﬂe=r30-r31=. . .=r37'~2 Ppy=F0, % Fog
Foq
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